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Rechargeable batteries are the current dominant energy storage solution for 
portable electronics, electric vehicles and stationary power management. The growing 
demand in these applications, however, requires next-generation batteries with an 
unprecedented combination of low cost, high capacity, and high reliability. To meet this 
end, much of the research effort has focused on developing new electrode and electrolyte 
materials with improved performance. Nevertheless, the mechanical degradation and 
failure in these materials during electrochemical cycling have hindered their wider use in 
advanced batteries. To obtain a thorough understanding of the deformation and fracture 
characteristics of these battery materials, an integrated experimental and computational 
investigation is presented in this study.  
We have conducted a nanomechanical study on the damage tolerance of 
electrochemically lilthiated silicon. Both in-situ transmission electron microscopy (TEM) 
experiments and quantitative fracture toughness measurements by nanoindentation reveal 
a rapid brittle-to-ductile transition of fracture as lithiation proceeds. The mechanistic 
underpinnings of this transition are elucidated by molecular dynamics simulations and 
attributed to atomic bonding and lithiation-induced toughening. We also present 
experimentally measured fracture toughness of lithiated germanium by nanoidentation for 
the first time, which is found to increase monotonically with increasing Li concentration. 
A comparison between the fracture energy of lithiated germanium and that of lithiated 
silicon reveals that germanium possesses much higher fracture resistance than Si in the 
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lithiated state and thereby is a potential candidate for durable, high-capacity, and high-
rate lithium-ion batteries.  
In this work, we have also developed a nanoscale deformation analysis method 
and applied it to investigate the deformation of electrode materials. A widely used full-
field, noncontact deformation measurement method, digital image correlation analysis, is 
performed on high-resolution TEM images of lithiated amorphous silicon ( Sia ). We 
show that the lithiation in Sia occurs by the movement of an atomistically sharp phase 
boundary between the Sia product and an amorphous SiLi xa  product ( 33.2x ). 
Informed by the experimentally measured fracture and deformation characteristics 
of electrode materials, we develop a computational cohesive zone model and integrate it 
with a chemo-mechanical two-way coupling continuum model. This integrated 
computational framework is applied to investigate the effective fracture properties of ion-
storage materials and fracture behaviors of lithiated nanostructures. 
This highly integrative experimental and computational work has profound 
implications for the design and development of next-generation, high-performance 
rechargeable batteries. Furthermore, the proposed experimental and computational 
methodologies can be applied to study other nano- or micro-structured 
electrode/electrolyte architectures in various electrochemical systems. 
 
1 
CHAPTER 1 INTRODUCTION 
1.1 Background and motivation  
1.1.1 High-performance electrode materials for lithium-ion batteries   
 Energy storage with high performance and low cost is critical for applications in 
consumer electronics, zero-emission electric vehicles, and stationary power management 
[1, 2]. Lithium-ion batteries (LIBs) are a widely used energy storage system due to their 
superior performance [3-5]. There is, however, increasing demand for LIBs with high 
capacity, good cyclability, and high safety. Many companies are already planning 
concepts around the promise of cheaper, higher-capacity batteries. Tesla, one of the 
major electric automakers, is building a $5 billion gigafactory aiming to reduce the per-
kilowatt-hour cost of its LIB packs by over 30% by the end of 2017. The reduced cost in 
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Figure 1.1 Illustration of the working principle of a lithium-ion battery. 
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 A LIB consists of three major components: anode, cathode, and electrolyte (Fig. 
1.1). The anode and cathode materials are solids that serve as lithium-ion hosts. During 
charging and discharging of a LIB, the lithium ions migrate back and forth between the 
two electrodes through the electrolyte. The energy storage capacity of a battery is 
proportional to the maximum amount of lithium that can be hosted in the electrode 
materials. Much of the research effort to-date has been devoted to developing new 
electrode materials that can store more lithium ions than the current available technology. 
In commercial LIBs, graphite of 372 mAh g
-1
 capacity is being used as the anode 
material [6, 7]. However, there is a strong tendency to replace graphite with other high-
capacity anode materials such as silicon (Si) of 3579 mAh g
-1 
capacity [8, 9] and 
germanium (Ge) of 1384 mAh g
-1 
capacity [10]. One major drawback of these high-
capacity anode materials is the huge volume change of nearly 400% during cycling [11, 
12]. This large volume deformation, when occurring inhomogeneously or under 
mechanical constraint, can cause high tensile stress to develop, resulting in massive 
electrode cracking and fracture [13]. Fracture causes the loss of active materials and 
yields more surface areas for solid electrolyte interphase (SEI) growth, both of which 
contribute to the fast capacity fade of LIBs. 
To mitigate the mechanical degradation in LIBs, it is essential to quantitatively 
understand the electrochemically-induced mechanical responses as well as the 
fundamental mechanical properties of high-capacity electrode materials. The past decade 
has witnessed a marked increase in studies on the mechanical behaviors of high-capacity 
electrode materials [14-29]. Focusing on the promise of Si and Ge as the next-generation 
anode materials, significant progress has been made in the experimental measurement 
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and modeling of lithiation/delithiation-induced stresses [19, 30], lithium-concentration 
dependent modulus and hardness[31-33], time-dependent creep [33, 34], and strain-rate 
sensitivities [35]. However, there is still a critical lack of fundamental understanding on 
the fracture-related properties [36, 37], which ultimately dictate the resistance of the 
electrode material to mechanical degradation and failure.  
1.1.2 Nanoscale deformation analysis in electrode materials 
In addition to the fracture properties, recently the fundamental mechanisms of 
electrochemical reaction, microstructural evolution, and mechanical degradation in 
various rechargeable battery electrodes have also been extensively investigated by in situ 
transmission electron microscopy (TEM) at the nanoscale. However, much of the TEM 
work till date has been focused on direct imaging and crystallographic analysis. 
Quantitative deformation measurement is still lacking. 
Due to its high accuracy and ease of use, the technique of digital image 
correlation (DIC) has emerged as a powerful tool for conducting full-field, noncontact 
deformation measurement [38-41]. In a DIC analysis, the displacement distribution of a 
test specimen is obtained by correlation comparison between two high contrast digital 
speckle images taken from the deformed and undeformed states. The use of image 
correlation, as opposed to tracking the movement of individual pixels, allows full-field 
displacement data to be measured at the sub-pixel level. Combined with various optical 
imaging methods, DIC has been used for a wide spectrum of applications across multiple 
length scales, ranging from landslide monitoring using high-resolution satellite imagery 
[42] to microscale deformation analysis of biological tissues [43].   
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Driven by the recent advances in materials and biological research, there is a 
growing need for quantitative deformation analysis at the nanoscale. Due to the 
diffraction of visible light, the standard optical microscopy has a limited spatial 
resolution about half the light wavelength, thus invalidating the optical-based DIC 
method for nanoscale deformation measurement. To resolve this issue, attempts have 
been made to combine DIC with other high-resolution microscopy techniques. The high-
resolution transmission electron microscopy (HRTEM) offers a unique capability for 
characterizing internal material structures with sub-atomic spatial resolution [44, 45]. 
Quantitative full-field analysis of TEM images with DIC analysis can provide 
unprecedented nanoscale characterization capabilities that are not possible with optical 
and SEM-based DIC. The nanoscale deformation analysis method can be applied to study 
the deformation in electrode materials during electrochemical testing. 
1.1.3 Computational modeling of fracture in ion-storage materials 
In parallel with the experimental studies on deformation and fracture in LIBs, 
extensive computational work has also been conducted in this field. As previously 
discussed, in ion-storage material systems, ion transport and diffusion often induce large 
volumetric change, which, if not accommodated appropriately, generates substantial 
stress. The stress can cause the fracture and ultimate failure of these material systems. For 
the rational design of energy storage and conversion systems using ion-storage materials, 
the effects of both electrochemical and mechanical driving forces on fracture must be 
thoroughly understood.  
The general thermodynamic framework accounting for stresses associated with 
compositional change was established by Larche and Cahn [46], which was initially 
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developed for metallic systems [47-50] and later extended to ionic solids [51-53]. For 
example, a stress-dependent electrochemical potential has been developed for ionic solids 
and applied to study the stress-transport interaction in the electrolyte as well as stress-
oxidation interaction in alloys for solid oxide fuel cells [54-58].  
To address the stress buildup problem, extensive work has been conducted for 
experimental measurement [19, 59] as well as modeling of stresses [60-64] in electrode 
materials. Christensen and Newman are among the first to study the coupling between 
mechanical stress and Li diffusion in electrode materials using a mathematical model for 
diffusion-induced stresses [65, 66]. The model was subsequently extended to include 
elastic-plastic material behaviors and large deformation [60, 67-70]. In addition, 
analytical approaches have been taken to derive closed-form relationships among relevant 
quantities to characterize stress buildup in electrode materials [17, 64, 71]. The 
experimentally measured as well as theoretically computed stresses are further used to 
derive critical conditions under which electrode materials may fracture [72-76]. Fracture 
within solid electrodes caused by diffusion-induced stresses has been investigated 
extensively in literature, including the estimation of critical crack size using Griffith’s 
criterion [77] and the study of electrode size and cycling rate effects on fracture by 
employing the stress intensity factor and strain energy release rate criteria [27, 78, 79]. In 
addition, a cohesive zone approach has also been used to study crack nucleation and 
propagation in electrode materials [80, 81] by assuming a constant fracture energy value.  
In ion-storage materials, the interaction between ions and stress fields around the 
crack tip has a profound influence on the fracture behaviors of these material systems. 
Such interaction has been widely studied in the context of hydrogen diffusion in metals 
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by considering solute trapping at material defects and plasticity ahead of the crack tip. It 
has been suggested that in ion-storage materials, high ionic mobility as well as diffusion-
deformation coupling in these material systems can facilitate fast ion redistribution 
around the crack tip, and thus might alter the effective fracture resistance at the 
macroscopic scale. Despite its importance, the intriguing interaction between ion 
diffusion and crack growth remains poorly understood.  
1.2 Objective, scope and organization of this thesis  
This thesis is to employ an integrated experimental and computational approach 
to study the deformation and fracture in rechargeable battery materials with a focus on 
the following three sub-objectives: 
(1) Quantitative measurements of the fracture properties of high-capacity anode 
materials as lithiation proceeds. 
(2) Nanoscale deformation analysis in lithiated electrode materials. 
(3) Continuum modeling of fracture in ion-storage materials for fuel cells and 
batteries. 
The remainder of this thesis is organized as follows. In Chapter 2, the fracture 
properties of high-capacity electrode materials are investigated to achieve objective (1). 
In-situ TEM experiments and quantitative fracture toughness measurements by 
nanoindentation are conducted to study the damage tolerance of lithiated Si. The 
experimental results are elucidated by performing molecular dynamics modeling. The 
developed experimental technique is also used to characterize the fracture properties of 
lithiated germanium. Chapter 3 is dedicated to objective (2) by quantitatively studying 
the deformation in electrode materials during electrochemical cycling inside a TEM. A 
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method based on the digital image correlation analysis of high-resolution TEM images is 
developed and applied to the nanoscale deformation analysis of a two-phase lithiation 
process in amorphous Si. Informed by the fracture and deformation analysis in Chapters 2 
and 3, a computational cohesive zone model is developed and integrated with a chemo-
mechanical two-way coupling continuum model in Chapter 4 to study the effective 
fracture properties of ion-storage materials and fracture behaviors in lithiated Si and Ge 





CHAPTER 2 FRACTURE MECHANICS OF HIGH-
PERFORMANCE ELECTRODE MATERIALS FOR LITHIUM-
ION BATTERIES    
2.1 High-damage tolerance of electrochemically lithiated silicon 
2.1.1 Introduction 
Si is a promising anode material candidate for next-generation LIBs because of its 
high capacity. Nevertheless, the large volume changes of Si during electrochemical 
cycling lead to substantial stresses and the fracture of electrodes. In this section, we 
conducted an integrated experimental and computational study on the damage tolerance 
of lithiated Si. An in situ nanomechanical bending test was performed on a partially 
lithiated Si nanowire inside a transmission electron microscope (TEM). In addition, we 
conducted systematic measurements of the fracture toughness of lithiated Si thin films 
with nanoindentation. We also performed continuum finite element (FE) and molecular 
dynamics (MD) simulations to interpret these experimental findings, thereby gaining 
mechanistic insights into the fracture mechanisms of lithiated Si. These results have 
important implications for the development of durable Si-based anodes for next-
generation LIBs.  
2.1.2 Methods  
In situ electrochemical and bending tests of Si nanowires. Figures 2.1a and 2.1b 
show the schematic illustrations of in situ electrochemical lithiation and fracture testing 
of a single Si nanowire inside a TEM. The nano-sized electrochemical cell [82] consisted 
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of a Si nanowire on Si substrate as the working electrode and a Li probe as the counter 
electrode; the native  layer on Li surface served as a solid electrolyte. The -
oriented single crystal Si nanowire had an initial diameter of about 142 nm. To start the 
lithiation, the Li probe was brought into contact with the free end of the Si nanowire and 
then a bias voltage of -2 V was applied between the working and counter electrodes. 
After the lithiation experiment, the partially lithiated Si nanowire was subjected to in situ 















Figure 2.1 (a) Schematic of the in situ TEM setup for a nano-sized electrochemical cell. 
(b) Schematic of the buckling and bending test of a partially lithiated Si nanowire 
subjected to the compressive force F. 
Fracture toughness measurements of lithiated Si. To quantitatively study the 
damage tolerance of electrochemically lithiated Si at different Li concentrations, we 
employed an in-house developed nanoindentation system to characterize the fracture 
toughness of a-LixSi, a property that describes the ability of a material to resist crack 
propagation [83].   
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Thin-film electrode fabrication and electrochemical cell assembly. The electrodes 
for nanoindentation tests were fabricated in a thin-film form by sputter deposition. 
Single-side polished titanium (Ti) plates with a thickness of 0.5 mm were used as 
substrates for fabrication of thin-film electrodes, and they also served as current 
collectors for electrochemical measurements. Before a Ti substrate was placed inside the 
deposition system (Denton Discovery RF/DC Sputterer), it was etched with 5% HCl to 
remove the surface Ti oxide. A 26 nm Ti thin film was first sputtered onto the polished 
side of the Ti substrate, followed by the deposition of a 350 nm-thick Si film. The Ti 
interlayer, serving as an adhesion promoting layer, was prepared by DC sputtering of a Ti 
target (3" diameter disc, 99.995% Ti, Kurt J. Lesker Co., Livermore, CA) at a power of 
53 W and a pressure of 6.29 mTorr of argon. The Si film was prepared by RF magnetron 
sputtering of an Si target (3" diameter disc, 99.995% Si, Kurt J. Lesker Co., Livermore, 
CA) at a power of 200 W and a pressure of 5 mTorr of argon. Previous studies have 
shown that Si thin films formed under these sputtering conditions are amorphous [60]. 
After Si was deposited on the polished side of the Ti substrate, a thin layer of 
polydimethylsiloxane (PDMS) was coated on the unpolished side of the Ti substrate to 
prevent the formation of a solid electrolyte interphase (SEI) layer on the Ti surface. The 
Si film-coated Ti electrode was then assembled into a custom-fabricated Teflon 
electrochemical cell with a glass window (Fig. 2.2) inside an argon-filled glove box that 
was maintained at less than 0.1 ppm of O2 and H2O. A Li foil was used as the 
reference/counter electrode, and 1 M of lithium hexafluoro-phosphate (LiPF6) in 1:1:1 
(weight %) ratio of ethylene carbonate (EC) to dimethyl carbonate (DMC) to diethyl 
carbonate (DEC) was used as the electrolyte. 
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Figure 2.2 Schematic illustration of an electrochemical cell, consisting of a Si thin-film 
working electrode, a liquid electrolyte, and a Li foil counter electrode, as well as a 
Michelson interferometer setup for in situ film stress measurement. 
Electrochemical measurement. The electrochemical measurement was conducted 
with a battery tester (UBA 5, Vencon Technologies, Ontario, Canada). Five electrode 
samples were first lithiated galvanostatically at 20 µΑ cm
-2
 with pre-determined cutoff 
potentials. The lithiation was followed by delithation at the same current density until 
potentials of 0.2-0.3 V versus Li/Li
+
 above the cutoff potentials for lithiation were 
reached. Subsequently, delithiation was continued potentiostatically until the current was 
reduced below 0.2 µΑ cm
-2
. The Si electrodes were then removed from the cell inside the 
glove box and thoroughly cleaned by rinsing them with DMC.  
Electrochemical and in situ film stress measurement. The electrochemical 
measurement was conducted with a battery tester (UBA 5, Vencon Technologies, 
Ontario, Canada). Five Si electrode samples were first lithiated galvanostatically at 20 
µΑ cm
-2
 with pre-determined cutoff potentials. The lithiation was followed by delithation 
at the same current density until potentials of 0.2-0.3 V versus Li/Li
+
 above the cutoff 
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potentials for lithiation were reached. Subsequently, delithiation was continued 
potentiostatically until the current was reduced below 0.2 µΑ cm
-2
. The Si electrodes 
were then removed from the cell inside the glove box and thoroughly cleaned by rinsing 
them with DMC. Stress evolution in the Si films during lithiation and delithiation was 
measured by monitoring the substrate curvature with a Michelson interferometer. The 
biaxial film stress was deduced from the measured curvature using Stoney’s equation 













，                                                                    (2.1) 
where   is the average in-plane biaxial stress in the film, sE  and s  are the Young’s 
modulus and Poisson’s ratio of the substrate, sh  is the thickness of the substrate, and 1  
and 2  are the curvature changes in the substrate induced by the film sputtering and 
electrochemical lithiation/delithiation processes, respectively. The thickness of the 
lithiated Si film ( fh ) is given by  
).( xhh ff 7201
0  ,                                                                                 (2.2) 
where 0fh  is the initial thickness of the film, and x is the molar ratio of Li to Si (x = 0 for 
pristine Si; x = 3.75 for fully lithiated Si). This expression reflects the fact that the 
volume expansion is 370% at full lithiation [85, 86] and assumes a linear relationship 
between the volume expansion and the lithium concentration.  
Fracture toughness measurement by nanoindentation. An in-house developed 
nanoindentation system situated inside an argon-filled glove box, as shown in Fig. 2.3, 
was employed to measure the fracture toughness of lithiated electrodes. Peak loads, 
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ranging from 1 to 93 mN at constant loading and unloading rates of 500 µN s
-1
, were 
used during nanoindentation tests. Ten indents at each load were made for each Si 
electrode sample and spaced 100 µm apart. The indented Si electrodes were imaged by a 
Zeiss Ultra60 field-emission scanning electron microscope (FE-SEM, Carl Zeiss 
Microscopy, LLC, North America, Peabody, MA) operated at an accelerating voltage of 
5 kV. During the sample transfer from the glove box to the SEM chamber, the lithiated Si 
electrodes were coated with a thin layer of anhydrous DMC to avoid the reaction of 
lithiated Si with ambient oxygen and moisture. 
b
 
Figure 2.3 Schematic diagram of an in-house developed nanoindenter for fracture 
toughness measurement. The nanoindenter is situated inside an argon-filled glove box to 
avoid exposure of the test material to ambient humidity and oxygen. 
The fracture toughness of the lithiated Si electrodes was deduced from the peak 
indentation loads, the indent sizes, the dimensions of indentation-induced radial cracks, 
and the measured film stress and thickness using the Morris model [87, 88]. Many 
nanoindentation models, such as the well-known Oliver-Pharr model [89] and Lawn-
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Evans-Marshall (LEM) model [90], have been developed for the mechanical property 
characterization of bulk materials. When these models are applied for thin film 
measurement, the indentation depth should be limited to a small fraction of the film 
thickness. However, the Morris model used in this work has been developed taking the 
substrate effect into consideration, and is therefore suitable for fracture toughness 
measurement of thin films without any constraint on the indentation depth. The validity 
and accuracy of this indentation model has been demonstrated by both theoretical 
analysis and experimental results [88].  
In the Morris model, thin film cracking caused by a sharp indenter tip is governed 
by the pre-existing film-stress field and two elastic stress fields due to indentation, i.e., a 
short-range “wedging” stress field and a long-range elastic-contact stress field. The 
fracture toughness of the test material is comprised of three components arising from 
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K EEIC 2/3 ,                                                                        (2.6) 
where P is the peak indentation load, and 
W and E  are semi-empirical constants 
relating the wedging and elastic-contact components to the probe acuity and the Poisson’s 
ratio of the material. Ψ is a factor related to the elastic mismatch ratio between the 
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substrate and the film. Parameter a  refers to the center-to-corner distance of the indent, 
and c  refers to the average radial crack length measured from the center of the indent to 
the ends of the radial cracks. 
Atomistic modelling of fracture in lithiated Si. To elucidate experimental 
results, molecular dynamics simulations were performed using the large-scale atomic 
molecular massively parallel simulator (LAMMPS). Atomic interactions were modeled 
by a reactive force field developed for Li-Si alloys[30]. The a-LixSi samples were 





these simulations, the initial structures were created by randomly inserting Li atoms into 
a crystalline Si lattice. After quenching at zero stresses, the a-LixSi samples had the final 
dimensions of ~16 nm × 10 nm × 1.5 nm. A sharp crack with a length of ~3 nm was 
created in each sample. The pre-cracked samples were then loaded in tension with a 




, while the system temperature was maintained at 5 K. Periodic 
boundary conditions were applied along the loading and the thickness directions. A 
plane-strain condition was imposed by fixing the thickness of the simulation box. The 
time step in all the MD simulations was 1 fs. 
2.1.3 Results and discussion 
In situ electrochemical and bending tests of Si nanowires. Because Li 
diffusion/reaction on the surface of Si is much faster than that in the bulk [22], Li ions 
first migrated preferably along the free surface of the Si nanowire and then diffused 
towards its center. In the bulk of the Si nanowire, lithiation proceeded in a core-shell 
mode, yielding a core of crystalline Si (c-Si) and a shell of amorphous LixSi (a-LixSi, 
75.3x ). The core-shell interface was atomically sharp and oriented parallel to the 
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longitudinal axis of the nanowire [20]. Across this interface, an abrupt change of Li 
concentration occurred, resulting in high compressive stresses near the core-shell 
interface (i.e., behind the lithiation front) [91]. The lithiation-induced compression 
slowed down and eventually stalled the movement of the interface. At the end of the 
lithiation process, the diameter of the unlithiated c-Si core was 85 nm; the thicknesses of 
the a-Li3.75Si shell and the layer of lithiated surface oxide (LiySiOz) were 47 nm and 17 
nm, respectively.  
After the lithiation experiment, the partially lithiated Si nanowire was subjected to 
in situ compression by the Li probe, as shown in Fig. 2.4. As the compressive load was 
increased, the nanowire buckled and subsequently bent, resulting in a single sharp kink in 
the nanowire. Figure 2.4b shows a zoom-in TEM image near the kinked region. It is seen 
that brittle fracture occurred in the unlithiated c-Si core, evidenced by the nearly flat 
fracture surfaces. The fracture strength of the c-Si core was determined to be about 7.7 
GPa, which is consistent with the literature data on the strength of pristine 111 -oriented 
Si nanowires with similar sizes. In contrast, the a-Li3.75Si shell underwent considerably 
large tensile deformation accompanied by pronounced lateral thinning, without 
observable damages such as cracking or shear banding. The lithiated surface oxide layer 
(LiySiOz) remained coherent to the a-Li3.75Si shell and thus underwent similar straining as 
the latter. Figure 2.4c shows the result of a continuum FE simulation of large local 
deformation near the kinked region. In the FE simulation, we assumed that the brittle 
fracture of the c-Si core was a much faster process than the elastic-plastic deformation in 
the a-Li3.75Si shell, such that the latter occurred after the crack in the c-Si core had been 
fully formed. As a result, the large tensile deformation in the a-Li3.75Si shell was 
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primarily accommodated by the sliding at the core-shell interface, yielding a large crack 
opening in the c-Si core near the core-shell interface. The deformation morphology from 
the FE simulation (Fig. 2.4c) was in close agreement with that in the TEM image (Fig. 
2.4b). The most striking observation from Figs. 2.4b and 2.4c is the large tensile (plastic) 
strain of ~ 47% occurring in the a-Li3.75Si shell, with a concurrent large lateral 
contraction (i.e., thinning) of ~ 45%. Therefore, the in situ TEM experiment and FE 
simulation demonstrate that the amorphous Li-rich Si alloy (a-Li3.75Si) exhibits 
extraordinary damage tolerance, while c-Si is brittle as expected.  
 
Figure 2.4 In situ electrochemical and bending test of a Si nanowire. (a) Sequential TEM 
images showing the process of axial compression; bucking and bending of the partially 
lithiated Si nanowire gave rise to a sharply kinked region indicated by the red box (scale 
bar, 1 m). (b) Zoom-in TEM image (i.e., the red box region in (a)) showing the brittle 
fracture of the unlithiated c-Si core, as well as the large tensile deformation (red arrows) 
and lateral thinning (blue arrows) of the lithiated a-Li3.75Si shell (scale bar, 50 nm). (c) 
Finite element result showing the simulated elastic-plastic deformation in the nanowire 
that agrees with the TEM image in (b). Color contour reveals the distribution of axial 
strain in the lithiated a-Li3.75Si shell, with an extraordinarily large tensile strain of about 
47% occurring in the free-standing part of a-Li3.75Si. 
Fracture toughness measurements of lithiated Si. To quantitatively study the 
damage tolerance of electrochemically lithiated Si at different Li concentrations, we 
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employed an in-house developed nanoindentation system to characterize the fracture 
toughness of a-LixSi, a property that describes the ability of a material to resist crack 
propagation [83]. Figures 2.5a and 2.5b show the electrochemical profiles and 
corresponding film stresses measured for five a-Si thin-film electrodes. The Li 
concentrations in these electrodes were controlled by galvanostatical lithiation at 20 µΑ 
cm
-2
 to different cutoff potentials. The sloping voltage profiles below 0.5 V versus Li/Li
+
 
suggest the formation of a single-phase a-LixSi during lithiation. As shown in Fig. 2.5b, 
all thin-film electrodes exhibited an initial compressive stress of about 200 MPa that 
resulted from the sputtering process. The compressive stress in the thin-film electrodes 
increased to 500-800 MPa at the end of lithiation, due to the substrate constraint on 
lithiation-induced volume expansion. This large residual compressive stress may impede 
crack growth during nanoindentation testing and thus affect the measurement of fracture 
toughness. To reduce the influence of those residual stresses, we first lithiated the a-Si 
electrode to a targeted Li concentration and then delithiated it to 0.25-0.3 V above the 
lithiation cutoff potential. During the delithiation, a small fraction of Li was extracted 
from the electrodes, resulting in small volume shrinkages so as to reverse the film stress 
from compression to tension. The tensile stress in the thin film was small, but found to be 
beneficial for promoting the nanoindentation-induced cracking and enabling the 
evaluation of fracture toughness of a-LixSi. The effects of SEI formation on electrode 
cracking were estimated to be negligibly small [92] and therefore were not considered in 
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Figure 2.5 Electro-chemo-mechanical characterization of Si electrodes. (a) 
Electrochemical profiles of five 325 nm Si electrodes that were galvanostatically lithiated 
and delithiated to various Li concentrations, followed by potentiostatic delithiation. (b) 
Evolution of the film stress in the five Si electrodes corresponding to the electrochemical 
profiles in (a). 
To measure the facture toughness, the a-LixSi thin-film electrodes were indented 
with a cube-corner indenter tip in an argon-filled glove box. Figures 2.6(a-c) show the 
nanoindentation results for a partially-lithiated Si electrode with low Li concentration 
(Li0.87Si) under different indentation loads, which exhibit distinct cracking behaviors 
including (i) no cracking, (ii) indent corner cracking, and (iii) massive cracking. 
Specifically, under a small load of 3.92 mN, residual plastic deformation at the 
permanent indent was observed without obvious cracking (Fig. 2.6a). As the load was 
increased to 9.8 mN, three radial cracks emanated from the sharp corners of the indent 
(Fig. 2.6b). A further increase in the indentation load to 29.4 mN resulted in massive 
cracking around the indent (Fig. 2.6c). Similar cracking behaviors were observed for low 
Li concentrations from x = 0 to 1.09. However, as the Li:Si ratio was increased to above 
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1.56, no cracking was observed from indents for a wide range of indentation loads up to 
93 mN, as shown in Figs. 2.6(d-f). Critical indentation loads separating the above three 
regimes of cracking behaviors are plotted in Fig. 2.6g. The two critical load curves 
respectively represent the upper load limit above which massive cracking occurred and 
the lower limit below which no crack was induced. The upper load limit curve varies 
substantially with the Li concentration when x exceeds 0.6, indicating that the fracture 
toughness of lithiated Si starts to depend sensitively on the Li concentration. Similar 
drastic change of the lower load limit curve can be inferred as x varies from 1.09 to 1.56 
(as indicated by the dashed line), since no cracking was observed for indentation loads up 
to 93 mN when x = 1.56. Therefore, our results indicate that a brittle-to-ductile transition 
of fracture occurs when the Li composition falls in the range of x = 1.09 ~ 1.56. For 
,09.1x  the indentation loads in between the two limits induced well-developed radial 
cracks. We used these loads to evaluate the fracture toughness of a-LixSi with the Morris 
nanoindentation model. 
Figure 2.6h shows the measured fracture toughness, ,ICK  as a function of Li 
concentration. Also shown in this figure is the fracture energy, defined as 
,2IC EKΓ  where E  is the Young’s modulus of lithiated Si taken from the experimental 
measurement [32]. Figure 2.6h clearly reveals that the fracture toughness of a-LixSi 
alloys depends sensitively on the Li concentration. The fracture toughness and fracture 
energy of unlithiated a-Si are 0.51 ± 0.014 mMPa and 2.85 ± 0.15 J m
-2
, respectively. 
These low values are typical of brittle materials with little fracture resistance [83]. As the 
Li concentration increases, the fracture resistance of lithiated Si first decreases slightly, 















































































Figure 2.6 Fracture toughness measurement by nanoindentation. (a)-(c) SEM images of 
residual indents for a lithiated electrode of Si,Li0.87 , showing (a) no cracking, (b) radial 
cracking, and (c) massive cracking subjected to different applied indentation loads (scale 
bar: 0.5 µm in (a); 1 µm in (b); 2 µm in (c)). (d)-(f) SEM images of residual indents for a 
lithiated Si electrode of Si,Li1.56  showing no cracking subjected to different applied 
indentation loads (scale bar: 1 µm in (d) and (e); 2 µm in (f)). (g) The indentation loads 
(symbols) applied to the lithiated electrodes with different Li contents, corresponding to 
images in (a-f). The blue solid curve represents the upper load limit above which massive 
cracking occurred and the black solid curve the lower limit below which no crack was 
induced. The dashed lines show the qualitative trends interpolated from the data. (h) 
Fracture toughness and fracture energy of lithiated Si as a function of Li concentration. 
the recent ab initio calculations [93] which show a small amount of Li insertion into Si 
substantially weakens Si-Si bonds, and hence reduces the surface energy of the material. 
However, upon further lithiation beyond x = 0.31, both the measured fracture toughness 
and fracture energy increase substantially with increasing Li concentration, reaching 0.77 
± 0.03 mMPa and 8.54 ± 0.72 J m
-2
 for Si,Li1.09  respectively. Since a further increase 
 22 
in Li concentration gave rise to large residual plastic deformation at and around indents 
without cracking (e.g., Figs. 2.6d-f), we take the Li:Si ratio of x  1.5 as the 
characteristic composition above which the brittle-to-ductile transition of fracture occurs 
in a-LixSi alloys.  
a

















Figure 2.7 Molecular dynamics (MD) simulations. (a) MD snapshots of brittle fracture in 
Li-lean Si (a-Li0.5Si) at various stages of applied strain load , showing the growth of an 
atomically sharp crack. (b) Zoom-in images near the crack tip in strained a-Li0.5Si, 
showing the characteristic atomic processes of Si-Si bond breaking (from solid to dashed 
lines). (c) MD snapshots of ductile response in Li-rich Si (a-Li2.5Si) at various stages of 
applied strain load , showing the crack-tip blunting. (d) Zoom-in images near the crack 
tip in strained a-Li2.5Si, showing the characteristic atomic processes of bond breaking 
(from solid to dashed lines), formation (from dashed to solid lines) and rotation (angle 
change between two green lines). Si atoms are colored by red and Li by blue in (a-d). (e) 
Overall stress-strain responses of a-Li0.5Si (red curve) and a-Li2.5Si (blue curve).  
Atomistic modelling of fracture in lithiated Si. To understand the 
experimentally measured brittle-to-ductile transition phenomenon, we performed MD 
simulations of deformation and fracture in a-LixSi alloys using the reactive force field 
(ReaxFF) [30]. In Fig. 2.7, we contrast the MD results by showing the brittle crack 
growth in Li-lean a-Li0.5Si versus the ductile crack blunting in Li-rich a-Li2.5Si. In both 
cases, MD simulations were performed for samples containing a sharp edge pre-crack 
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and subjected to a far-field tensile load. Figure 2.7a presents a sequence of MD snapshots 
showing brittle crack growth in a-Li0.5Si. In this case, the local tensile deformation near 
the crack tip is primarily accommodated by the stretching and breaking of Si-Si bonds, as 
shown in Fig. 2.7b. Due to the high fraction of strong covalent Si bonds, the bond 
alteration events are mostly discrete and disruptive, lacking bond reformation. A small 
damage zone forms near the crack tip, and it contains a high fraction of dangling bonds 
and atomic-sized voids. As the crack extends through such a damage zone, the crack 
faces become atomically rough, but the crack tip remains sharp, as seen from Fig. 2.7a. In 
contrast, Figure 2.7c presents a sequence of MD snapshots showing the crack blunting in 
a-Li2.5Si. In this case, the local tensile deformation near the crack tip is accommodated by 
the stretching, rotation, breaking, and frequent reformation of atomic bonds, as shown in 
Fig. 2.7d. Several Li atoms often collectively participate in a bond-switching process, so 
that the amorphous structure near the crack tip remains nearly homogenous without 
significant damage. As a result, the crack tip becomes considerably blunt without 
apparent crack growth, as seen from Fig. 2.7c. In addition, we compare the stress-strain 
curves during tensile straining of the above two pre-cracked samples in Fig. 2.7e; the fast 
brittle fracture in a-Li0.5Si is manifested as a sharp load drop, while the ductile crack 
blunting in a-Li2.5Si is characterized by a gradual load decrease indicative of extensive 
plastic deformation near the crack tip. The above MD results of brittle versus ductile 
behaviors in Li-lean and Li-rich a-LixSi alloys are consistent with the trend in 
nanoindentation measurements. Hence, our MD study reveals a plausible atomistic 
mechanism of brittle-to-ductile transition in a-LixSi alloys, namely, the decreasing 
fraction of strong covalent Si bonding and the concomitant increasing fraction of 
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delocalized metallic Li bonding give rise to an alteration of the dominant atomic-level 
processes of deformation and fracture with increasing Li concentration.   
The above experimental and modeling results underscore the notion of the high 
damage tolerance of amorphous Li-rich Si alloys and thus have important implications 
for the design of durable Si-based anodes for next-generation LIBs. Recently, lithiation 
experiments have been conducted with a-Si nanoparticles with a wide range of diameters 
up to 870 nm [25], as well as with a-Si pillars of a few microns in diameter [94]. In those 
experiments, no cracking and fracture were observed in lithiated a-Si electrodes. 
However, it has been shown that the surface layers of lithiated a-Si particles and wires 
should have underwent a large hoop tensile deformation resulting from the two-phase 
lithiation and associated volume expansion at curved phase boundaries [25]. Given the 
large hoop tension and accordingly high driving force of fracture, the lack of observed 
cracking [94, 95] implies that the fully lithiated a-Si should be mechanically robust. In 
this work, our in situ TEM and nanoindentation experiments collectively provide direct 
evidence for the high damage tolerance (i.e., high tensile ductility and high fracture 
toughness) of Li-rich Si alloys, which is the essential mechanistic information for the 
design of durable Si-based electrodes. In addition, the quantitative fracture characteristics 
obtained in our work constitute an important input for optimizing the microstructures and 
lithiation/delithiation windows of Si-based LIBs. Incidentally, the mechanical robustness 
of lithiated a-Si is in contrast with the commonly observed surface cracking and fracture 
after lithiation in large c-Si nanostructures [24, 26]. The ease of fracture in lithiated c-Si 
has been attributed to a crystallographic effect on the lithiation anisotropy, resulting in 
inhomogeneous phases and deformation near the interface between anisotropically 
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lithiated domains [96]. For a-Si electrodes, there is no such lithiation anisotropy. As a 
result, both the lithiated phases and deformation processes in a-Si particles and wires are 
more homogenous than those in c-Si counterparts, which contribute to the high 
mechanical robustness of the former.  
2.1.4 Summary 
To conclude, we have integrated experiments and modeling to reveal the high 
damage tolerance of electrochemically lithiated Si electrodes. The in situ TEM 
experiment on a partially lithiated Si nanowire showed a striking contrast of the brittle 
fracture in the unlithiated Si core versus the ductile tensile deformation in the lithiated Si 
shell. The nanoindentation testing of amorphous lithiated Si alloys indicated a drastic 
increase of fracture toughness as the Li to Si ratio was increased to above 1.5. Our 
atomistic simulations elucidated the mechanistic underpinnings of the brittle-to-ductile 
transition in terms of atomic bonding and lithiation-induced toughening. The quantitative 
characterization and mechanistic understanding of high damage tolerance of Li-rich Si 
alloys represent a critical step toward the rational design of durable Si-based electrodes 
for next-generation LIBs. Broadly, our integrated experimental and modeling approach 
can be applied to the mechanical characterization of a wide range of electrochemically 
active materials for energy storage applications.  
2.2 Fracture toughness characterization of lithiated germanium 
2.2.1 Introduction  
In today’s commercial LIBs, graphite of 372 mAhg
-1
 capacity is being widely 
used as the anode material [6, 7]. There has been a strong tendency to replace graphite 
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with other high-capacity anode materials such as silicon (Si) of 3579 mAhg
-1
 capacity [8, 
9] and germanium (Ge) of 1384 mAhg
-1
 capacity [10]. Compared with carbon- and Si-
based anodes, Ge-based ones have not been studied as much, primarily because of the 
higher manufacturing cost of Ge at present. Nevertheless, Ge possesses several 
advantages over Si as a high-performance anode material. Due to the smaller band gap of 
Ge (band gap energy Eg = 0.66 eV at 300 K) than that of Si (Eg = 1.12 eV at 300 K), Ge 
has a four orders of magnitude higher electronic conductivity [97]. Besides, the Li 
diffusivity in Ge is much higher than in Si (400 times faster) [10, 98]. Fast transport of 
both electrons and Li ions enable a high charging/discharging rate for LIBs [99-101]. 
Although Ge is less earth abundant than other high-capacity anode materials, the price of 
Ge could potentially decrease with increased interest in Ge anodes and technical 
improvements in the production of Ge. Furthermore, by alloying Ge with other elements 
such as Si, Sn, and carbon, it is possible to reduce the manufacturing cost and in the 
meantime to enhance the overall electrochemical and mechanical performance.  
Despite the superior characteristics of Ge as a promising anode material, Ge 
undergoes colossal volume expansion of nearly 400% when fully lithiated [12]. This 
large volumetric deformation, when occurring inhomogeneously or under mechanical 
constraint, can cause high tensile stress to develop, resulting in massive electrode 
cracking and capacity fade of the battery. To minimize the mechanical stress induced by 
volume change, various nanostructures of Ge electrodes, such as nanowires [102], 
nanotubes [103], nanoparticles [99, 100], and thin films [101, 104] have been studied for 
improvement in capacity retention. For instance, Park et al. used a high-yielding synthetic 
method to fabricate Ge nanotubes, which exhibited high rate capability and capacity 
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retention of more than 1000 mAhg
-1 
over 400 cycles [103]. Besides engineering 
nanostructured Ge anodes to mitigate mechanical degradation, Ge alloyed with other 
elements such as Si, Sn, Cu, and carbon has also been studied. Song et al. developed a 
Si/Ge double-layered nanotube array electrode and showed that this type of electrode 
demonstrated improved cyclability (capacity retention of 85% after 50 cycles) and rate 
capability (doubled capacity at a 3C rate) compared with homogeneous Si systems [105]. 
Recently, in situ transmission electron microscopy (TEM) has been employed to 
investigate the fundamental mechanisms of electrochemical reaction, microstructural 
evolution, and mechanical degradation in various rechargeable battery electrodes at the 
nanoscale [12, 85, 106]. Ge nanoparticles (GeNPs) have been found to expand 
isotropically upon lithiation and undergo no visible cracking after multiple charge-
discharge cycles [86], in distinct contrast to the size-dependent fracture of SiNPs upon 
the first lithiation [24]. More recently, it has been reported that Ge pillars exhibited slight 
anisotropic expansion and size-dependent fracture upon lithiation, which, however, 
displayed a much greater critical size for fracture than its Si counterparts [107, 108]. The 
robust mechanical behaviors of Ge electrodes offer substantial potential for the 
development of durable, high-capacity, and high-rate LIBs. However, it remains largely 
unclear why the Ge nanoparticles and pillars are more resistant to damage and fracture. In 
this study, we address this issue by investigating the intrinsic fracture toughness of 
lithiated Ge at various levels of Li content. The fracture toughness of a material 
(commonly denoted by ICK ) is one of the key parameters describing the ability of a 
material to resist fracture. In the present work, the direct measurement of the fracture 
toughness of lithiated Ge is performed by applying a nanoindentation method that we 
 28 
have previously developed [109]. Furthermore, we compare the fracture resistance of 
lithiated Ge with that of lithiated Si [109] and assess the suitability of the materials for 
use in high-performance LIBs. The quantitative fracture characteristics obtained in our 
work provide fundamental insights for engineering new Ge-based electrodes and 
optimizing the microstructures of advanced LIBs. 
2.2.2 Methods 
All Ge electrodes used in this study were fabricated and fracture tested with 
nanoindentation in the same way as the Si electrodes previously presented, and therefore 
will not be discussed here. It is worth noting that we performed one additional testing on 
the Ge electrode to study its fracture behavior over electrochemical cycling. In this 
testing, the Ge electrode was cycled galvanostatically at a current density of 20 μA/cm
2
 
between 0.01 V and 1.5 V for five cycles. A digital CMOS camera (DFK 72AUC02, 
Imaging Source, Charlotte, NC) equipped with a 35 mm focal length lens (HF35HA-1B, 
Fujinon, Stamford, CT) was used to monitor the morphological changes of the Ge 
electrode surface during cycling. To obtain more details of the surface morphology, the 
Ge electrode was further imaged with an optical microscope of higher magnification after 
the electrochemical testing.  
2.2.3 Results and discussion 
A plot of the voltage profiles from a Ge film electrode is shown in Fig. 2.8. At the 
initial stage of the first lithiation, the cell potential abruptly drops to below 0.7 V due to 
the SEI formation and irreversible lithiation of the surface GeO2 layer. The voltage 
subsequently decreases slowly, indicating that the lithiation of Ge begins approximately 
at below 0.7 V. This trend is consistent with the previously reported data [10]. During the 
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lithiation and initial delithiation of the first cycle, no obvious morphological changes are 
observed for the LixGe thin films (image a, pristine Ge and image b, Li2.1Ge). However, 
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Figure 2.8 Voltage profiles of a thin-film Ge electrode during electrochemical 
lithiation/delithiation cycling. The arrows in the figure indicate the cycling direction. (a-
d) Optical images of the Ge electrode surface corresponding to the points labeled in the 
figure during cycling. The zoom-in image is an optical micrograph that shows cracks in 
image d. The scale bars are 500 µm in (a-d) and 100 µm in the zoom-in image. 
 (image c, Li0.5Ge). Further lithiation/delithiation of the Ge electrode causes massive 
cracking (image d). As previously stated, the cracking is induced by high tensile stress 
developed due to the colossal volumetric deformation of the electrode during cycling. 
Cracking of the electrode leads to loss of electrical contact and results in more surface 
area for SEI growth. Both factors cause rapid capacity fading of the system. It is worth 
noting that Nadimpali et al. have recently studied the mechanical response of Ge thin-
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film electrodes during electrochemical cycling and have shown that their Ge films 
experience no cracking after the first lithiation/delithiation cycle [104]. Such discrepancy 
might be attributed to a variety of factors such as difference in film thickness, cycling 
rates and cut-off voltages, and pre-existing defects in the film and at the interface. 
Compared with the Ge films in their work, the films used in this work have a two times 
larger thickness, and are cycled with a three times faster rate and an 80% lower cut-off 
voltage during lithiation, all of which may facilitate crack formation and fracture [78, 















































Figure 2.9 (a) Voltage profiles of four thin-film Ge electrodes lithiated/delithiated to 
various lithium concentrations. (b) Film stress evolution in the electrodes corresponding 
to the electrochemical testing in (a). The two insets in (b) illustrate the development of 
compressive and tensile stresses during lithium insertion into and extraction from the Ge 
electrodes, respectively. 
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Figure 2.9a shows the electrochemical profiles of four tested Ge film electrodes 
for fracture toughness measurement. The corresponding stress evolution in the LixGe 
films during the electrochemical testing are plotted in Fig. 2.9b. The SEI formation on the 
electrode surfaces during initial lithiation is reported to have a negligible effect on the 
film stress [92], so its effect is not considered here. All the stress curves start with an 
initial compressive film stress of 0.3 GPa resulting from the sputtering process. During 
lithiation of the Ge films, lithium ions are inserted into the films and cause volume 
expansion. However, the substrate constrains the Ge films from in-plane expansion, 
resulting in a dramatic increase in the compressive film stress. As the lithiation proceeds, 
the compressive film stress first increases linearly, revealing the elastic deformation of 
the films. After reaching a maximum compressive stress, the LixGe films lithiated beyond 
x = 0.33 show a slower rate of stress change due to plastic deformation. The large 
compressive stress present in the films, if left unmanaged, could retard crack growth 
during nanoindentation and therefore impede the fracture toughness evaluation. To 
circumvent this problem, the Ge electrodes were delithiated for a short period 
immediately following the lithiation process. During the delithiation process, the 
substrate constrains the contraction of the films, causing the compressive film stress to be 
relieved to promote crack formation during subsequent nanoindentation. To minimize 
possible lithiation-rate effects, we used the same lithiation rate for preparing the lithiated 
thin film electrodes. Because the focus of this work was primarily on the lithium-
concentration-dependent fracture property, no additional effort was made to 
quantitatively examine the effects of lithiation rate on the stress generation. Furthermore, 
it was observed that the film stress kept evolving when the lithiation/delithiation process 
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was completed. Therefore, upon the completion of lithiation/delithiation of each electrode 
specimen, the stress evolution in the electrode was monitored until the stress value 
became stabilized. The vertical rising portion of each stress curve shown in Fig. 2.9b is 
due to this stress stabilization. 
It is worth noting that recent lithiation experiments of silicon micropillars have 
shown that micro- and nano-crack formation during deep lithiation can expose new 
surface area and cause the formation of new SEI layers, leading to an overestimate of the 
lithium content in the electrode [112]. Unlike these micropillars in which large lithiation-
induced hoop stress of a few GPa can promote crack formation, the thin film electrodes 
used in our experiments were under large compressive in-plane stress during lithiation. 
Following the lithiation process, the electrodes were slightly delithiated in order to alter 
their stress state to facilitate fracture toughness measurement. Such delithiation would 
induce tensile stress of 100-400 MPa, but it was not high enough to cause the formation 
of micro- and nano-cracks, as confirmed by post-mortem SEM observation. 
After the electrochemical testing and film-stress measurement, the lithiated Ge 
electrodes were fracture tested by nanoindentation. The generated crack patterns under 
various levels of indentation loads can be divided into three categories: no cracking, 
radial cracking, and massive cracking. Figure 2.10 shows the two critical load curves 
separating the three crack-pattern regimes. The three inserts in the figure represent the 
SEM images of three indents made on a pristine Ge electrode at various levels of 
indentation loads. Under a small load of 4.13 mN, the indentation causes plastic 
deformation in both the film and substrate without introducing visible cracking (insert a). 
As the load increases to 8 mN, three radial cracks emerge from the sharp corners of the 
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indent (insert b). When the load is further increased to 19.6 mN, massive cracking around 
the indent is observed (insert c). The two critical load curves in Fig. 2.10 are seen to vary 
significantly with the Li content in the Ge electrodes.  Furthermore, beyond a Li/Ge 
molar ratio of 0.83, no cracks are observed for indentation loads up to 93 mN, suggesting 
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Figure 2.10 Indentation-induced crack patterns under different indentation loads for the 
lithiated Ge electrodes. The inserts show the SEM images of indents on a pristine Ge film 
electrode with (a) no cracking, (b) radial cracking, and (c) massive cracking. The scale 
bars are 1 µm in (a) and (b) and 2 µm in (c).  
Figure 2.11 shows the measured fracture toughness of the LixGe thin films at 
various levels of lithiation. At each degree of lithiation, indents with radial cracks were 
chosen for the fracture toughness evaluation using the Morris Model. The fracture 
toughness of unlithiated Ge is measured to be 0.218 mMPa , comparable in magnitude 
to that of typical brittle materials. As the degree of lithiation increases, the fracture 
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toughness of lithiated Ge increases steadily, reaching 0.81 mMPa  for Li0.72Ge. The 
fracture energy of lithiated Ge is calculated using the relationship EKΓ IC
2 and plotted 
in Fig. 2.11. The Young’s modulus of lithiated Ge needed for the calculation is obtained 
by a linear rule of mixture    xExEE GeLi  1/  Qi et al. has recently performed first 
principles density functional theory (DFT) calculations to investigate the dependency of 
the elastic properties on Li concentration for a large set of anode and cathode materials 
[113]. The authors found that, for alloy-forming electrode materials, such as Si, β-Sn and 
Al, the Young’s moduli of lithiated compounds follow the linear rule of mixture. 
Although the elastic properties of LixGe were not specifically investigated in this work, it 
is reasonable to assume that the rule of mixture is applicable to lithiated Ge since it also 
has an alloying reaction mechanism. The obtained fracture energy curve of lithiated Ge in 
Fig. 2.11 is seen to increase monotonically with the increase of lithium concentration. 
The increasing trend in fracture resistance indicates that LixGe undergoes a sharp brittle-
to-ductile transition as lithiation proceeds. This transition as well as the extremely high 
ductility of LixGe thin films at high lithium concentrations (beyond x = 0.83) suggests 
that Li2.1Ge possesses a much larger fracture resistance than Li0.5Ge. Due to this high 
fracture resistance, Li2.1Ge is more resistant to fracture and can prevent cracking induced 
by tensile film stress at the initial delithiation of the Ge electrode, as shown in image b of 
Fig. 2.8. However, as delithiation proceeds, the fracture resistance of the LixGe thin films 
decreases, leading to crack formation at the end of delithiation during the first cycle 
(image c of Fig. 2.8). Therefore, a cutoff voltage below the threshold voltage for crack 
formation during delithiation can potentially prevent fracture of the electrode. Such 







































Figure 2.11 Fracture toughness and fracture energy of lithiated Ge electrodes as a 
function of lithium concentration. 
Figure 2.12 shows a direct comparison between the fracture energy of lithiated Ge 
obtained in this work and the previously measured fracture energy of lithiated Si [109]. 
The fracture energy of pristine Si is 3 ,J/m2  which is slightly higher than that of 
unlithiated Ge of 2.33 .J/m2  However, the fracture energy of lithiated Si decreases in the 
early stage of lithiation, which causes Si to crack more easily during charging and 
discharging if the concentration of Li is low. At higher levels of Li, the fracture energy of 
lithiated Si increases with the Li content, indicating that Si undergoes a brittle-to-ductile 
transition as lithiation proceeds. In our previous work, we also combined in situ TEM 
study and reactive-force field molecular dynamics (MD) simulations with 
nanoindentation testing to gain mechanistic insights into the fracture mechanisms of 
lithiated Si [109]. All of the three different techniques have consistently shown that 
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lithium-rich Si is more damage tolerant than lithium-lean Si. The interested reader is 

























Figure 2.12 Comparison between the fracture energy of lithiated Ge electrodes and that of 
their Si counterparts as a function of lithium concentration. Beyond an x value of 0.83 for 
LixGe and 1.56 for LixSi, the lithiated products do not show signs of indentation cracking 
due to the substantial toughening effects of lithiation. 
Ge, on the other-hand, does not exhibit the lithiation-induced embrittlement and 
shows a brittle-to-ductile transition through which the fracture energy and fracture 
toughness steadily increase as lithiation progresses. As shown in Fig. 2.12, after a small 
amount of lithiation (x = ~0.03), the fracture energy of LixGe exceeds that of LixSi. The 
fracture energy difference between the two lithiation products at a given degree of 
lithiation also increases as lithiation proceeds. This trend indicates that lithiated Ge is 
mechanically tougher than lithiated Si except at very low lithium concentrations. 
Furthermore, for both LixGe and LixSi, there is a critical lithium concentration, beyond 
which no electrode cracking is observed up to the maximum indentation load (93mN) of 
the nanoindentation setup. The critical values are approximately 1.56 for Si ( SiLi1.56 ) and 
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0.83 for Ge ( GeLi0.83 ), which are also a clear indication of considerably higher fracture 
resistance of lithiated Ge. These quantitative results explain the robust behavior of Ge 
nanoparticles and pillars observed in previous works [86, 107]. Lithiated Ge is clearly 
seen to be intrinsically more resistant to crack initiation and propagation than lithiated Si. 
This attribute of Ge offers substantial potential for the development of durable, high-
capacity, and high-rate anodes for advanced lithium-ion batteries.  
In the works reported by Lee et al. [107, 108], the lithiation behaviors of Si and 
Ge micropillars were investigated and compared. When these micropillars are lithiated, a 
compressive hoop stress first develops at the surface and then turns into a tensile stress 
state which promotes the initiation of surface cracks. The unlithiated core, though 
inherently brittle, remains under a compressive stress state and therefore does not allow 
crack initiation. The authors showed that both the Si and Ge pillars display a size effect 
for mechanical fracture, with smaller pillars less prone to cracking. The tested Ge pillars 
have a critical diameter of ∼1.2μm, below which no surface cracking occurs [107]. This 
critical value is much larger than the critical dimension of ∼300 nm for fracture of Si 
pillars [108]. The authors have attributed this difference to the more isotropic expansion 
of Ge pillars which results in lower tensile stress concentrations at the surface [107]. The 
experimental results from our work suggest that the higher intrinsic fracture resistance of 
lithiated Ge may be another possible reason for their larger critical dimension for 
fracture. 
Recent in situ TEM studies have revealed the formation of reversible nanopores in 
Ge after cyclic lithiation-delithiation [114]. The porous Ge network structure can 
facilitate the relaxation of mechanical stress during lithiation/delithiation cycling, and 
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therefore retard fracture and pulverization processes. However, the formation of 
nanopores is observed to occur only under deep delithiation states, as a result of the 
effective local aggregation of free volumes created during Li extraction. Since the LixGe 
electrodes used in our experiments were prepared via lithiation of Ge thin films followed 
by very slight delithiation, the formation of nanopores in these electrodes is very 
unlikely. We believe that the dominant toughening mechanism in LixGe is due to the 
increased fraction of ductile Li-Li and Li-Ge bonds, which can help overcome the 
brittleness of Ge-Ge bonds and suppress the formation and propagation of cracks. We 
will conduct MD simulations to further elucidate the atomistic mechanism underpinning 
the brittle-to-ductile transition in LixGe, and the results will be reported elsewhere. 
2.2.4 Summary 
The development of advanced Li-ion batteries has been hindered by a lack of full 
understanding of the fracture behaviors of high-performance electrode materials. In this 
study, we investigated the fracture toughness and fracture energy of lithiated Ge as a 
viable LIB anode material and found that they increased monotonically as lithiation 
proceeds, indicating a sharp brittle-to-ductile transition due to lithium insertion. We also 
compared the fracture energy of lithiated Ge with that of lithiated Si and showed that, 
despite a slightly lower fracture energy of Ge than that of Si in the unlithiated state, Ge 
possessed much higher fracture resistance than Si in the lithiated state. This superior 
characteristic of Ge makes it an outstanding anode material for durable, higher-
performance Li-ion batteries. The experimental findings here provide an important input 
for the multiphysics modeling and design of Ge-based Li-ion batteries. The experimental 
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technique developed in this research also has general applicability to studies of other 
high-performance LIB anode and cathode materials. 
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CHAPTER 3 NANOSCALE DEFORMATION ANALYSIS IN 
ELECTRODE MATERIALS  
3.1 Introduction 
The technique of digital image correlation (DIC) is a powerful tool for conducting 
full-field, non-contact deformation measurement due to its high accuracy and ease of use 
[38-41]. Combined with various optical imaging methods, DIC has been used for a wide 
spectrum of applications across multiple length scales. Recently there is a growing need 
for quantitative deformation analysis at the nanoscale. Attempts have been made to 
combine DIC with other high-resolution microscopy techniques. For examples, by 
performing DIC analysis of the surface topographies obtained from atomic force 
microscopy (AFM) [115-124] and scanning tunneling microscopy (STM) [125-127], full-
field deformation measurement techniques have been developed and applied for the 
mechanical property characterization at the micron and nanometer scales. More recently, 
DIC has been coupled with scanning electron microscopy (SEM) for quantitative 
deformation analysis [128-133]. It has been shown that compared to the optical DIC, the 
SEM-DIC approach is prone to drift and spatial distortions which need to be corrected 
with a non-parametric method to achieve high measurement accuracy. To further develop 
SEM-DIC, Kammers et al. proposed new drift distortion techniques accounting for stress 
relaxation [134] and used a novel speckle patterning method with self-assembled gold 
nanoparticles [135]. The SEM-DIC approach has shown potential in studying nanoscale 
thermal deformation [85], ductile fracture [136], and microstructure-property relationship 
[137, 138]. 
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Compared to the scanning probe and scanning electron microscopies, the high-
resolution transmission electron microscopy (HRTEM) offers a unique capability for 
characterizing internal material structures with sub-atomic spatial resolution [44, 45]. 
Despite the widespread use of TEM for material characterizations, much of the TEM 
work to date has been focused on direct imaging and crystallographic analysis. Notably, 
increasing efforts are devoted to applying TEM for quantitative deformation 
measurement. A full-field method based on the Fourier analysis of HRTEM images was 
developed by tchyH   et al. [139, 140] to measure displacement and strain fields of a 
crystal lattice over a 25×25 nm area. The same group recently reported a new method, 
namely the dark-field electron holographic moiré technique [141], which offers larger 
fields of view without sacrificing measurement precision. Using electron diffraction 
under TEM, various studies have also been undertaken for the point by point 
measurement of localized strains in semiconductor materials with the strain measurement 
sensitivity of 10
-4
 and spatial resolution of <10 nm [142-146].     
 In this chapter, we present a study of full-field deformation analysis by 
combining DIC and HRTEM. Owing to the sub-angstrom spatial resolution of HRTEM 
and the sub-pixel displacement measurement sensitivity associated with DIC, the 
HRTEM-DIC analysis provides unprecedented nanoscale characterization capabilities 
that are not possible with optical and SEM-based DIC. To the best of our knowledge, this 
work represents the first systematic attempt to apply DIC to the quantitative full-field 
analysis of TEM images. In an effort to quantify the levels of DIC errors induced by the 
TEM image noise and electromagnetic-lens distortions, we performed experiments of 
rigid-body motion using amorphous silicon (a-Si) as a model material. The random 
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atomic structure inherent in a-Si allows image correlation to be performed without the 
need of dedicated speckle patterning. For other materials lacking such intrinsic random 
feature, speckle patterning techniques such as ion-implantation with a foreign species 
[147] may be employed. To further demonstrate its utility, we applied the HRTEM-DIC 
analysis to investigate a recently discovered mechanism of two-phase lithiation in a-Si 
[148]. The remainder of this chapter is organized as follows. In Section 3.2, we present 
the general theory behind two different DIC schemes − local and global DIC − which are 
used for TEM image correlation in this study. Section 3.3 provides the details of a-Si 
sample preparation and TEM experiments. The results of quantitative error assessment 
and deformation analysis in lithiated a-Si are presented and discussed in Section 3.4. 
Finally, the conclusions are drawn in Section 3.5. 
3.2 Theory 
In a two-dimensional DIC analysis, a full-field displacement distribution is 
obtained by correlating two digital gray-scale speckle images of a test specimen obtained 
before and after deformation [38, 149, 150]. The correlation is based on the assumption 
that the gray level is conserved at all pixel locations during deformation. Let f  and 
g be the images in the reference and deformed configurations, respectively. The 
conservation law at a pixel location in the reference image, X , can be given as 
))(()( XUXX  gf ,                                                                                  (3.1) 
where )(XU  is the displacement vector at X . 
In the original DIC approach, the displacement field is obtained by partitioning 
the region of interest (ROI) in the reference image into an array of uniformly spaced 
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subsets (usually square shaped) and tracking the movement of these subsets. The local 
deformation kinematics within a subset, S, is usually approximated in a linearized form as 
)()()()( 000 XXXUXUXU  ,                                                       (3.2) 
in which 
0X is the center of the subset, and )( 0XU  and )( 0XU are the displacement and 
its gradient at 
0X , respectively. In Eq. (3.2), it is assumed that the deformation within the 
subset is close to be homogeneous so that the higher-order gradient terms can be 
neglected. Then, )( 0XU  is obtained by maximizing a cross-correlation function with 
respect to )( 0XU  and )( 0XU  according to 
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It is worth noting that some DIC algorithms employ higher-order gradient terms 
in Eq. (3.2) to improve the accuracy of correlation [151, 152]. In Eq. (3.3), the 
coordinates of the points in the deformed subset can be non-integer multiples of pixel. 
Therefore, the gray levels of these points need to be calculated through a pixel 
interpolation scheme. The most commonly used interpolation schemes in the literature 
include bilinear interpolation, bicubic interpolation, and bicubic spline interpolation [126, 
150, 153]. By performing the above maximization independently for all subsets, a full-
field displacement map of the test specimen can be constructed. Due to the use of the 
cross-correlation function in Eq. (3.3), the displacement measurement is highly immune 
to image noises and can achieve sub-pixel accuracy.  
Recently, a new DIC method, which is conceptually different from the above 
subset-based local method, was developed based on a global description of the 
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deformation kinematics over the whole ROI [154, 155]. The global DIC method relies on 
minimizing the following sum-squared difference function: 
XXUXX dgf 2
ROI
))](()([   .                                                    (3.4) 
To formulate the minimization problem, the true displacement field is 
approximated by a trial displacement field with a finite number of degrees of freedom. A 
straightforward choice among many possible ones is to follow the finite element 








Trial )()( UXXU ,                                                                      (3.5) 
in which  )(XiN  are the polynomial shape functions associated with a finite element mesh 
with n nodes, and 
iU  are the nodal displacements. This formulation turns the DIC 
problem into a nonlinear, multi-variable minimization of   with respect to 
iU , which 
can be well solved numerically using a Newton or gradient-descent iterative procedure. 
The final values of the nodal displacements are interpolated according to Eq. (3.5) to 
provide a full-field measure of the deformation within the ROI. 
An alternative choice for the trial displacement field is to assume an analytical 
form as follows, based on a priori knowledge of the deformation field under analysis: 
)..., ,,()( 1AnaTrial mXUXU  ,                                                               (3.6) 
where ) ...,  ,1( mii   are the unknown parameters that are used to describe the 
displacement field. These parameters can be determined by the same minimization 
process as above, with 
i  in place of iU  as the minimization variables. This scheme was 
recently employed by Réthoré et al. [156, 157] to determine the stress intensity factors 
(SIFs) at a crack tip inside an elastic body. In their study, an analytical trial displacement 
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field is assumed around a crack tip using the Williams asymptotic expansion [158], with 
i  being the mode I and II SIFs and other higher-order coefficients in the Williams 
expansion. 
In several recent case studies [159, 160], global DIC and subset-based local DIC 
are thoroughly evaluated and compared to each other. It is shown that, when applied to 
analyze weakly-to-moderately inhomogeneous deformation, subset-based local DIC in 
general outperforms global DIC in terms of accuracy and computational efficiency. 
Nevertheless, local DIC is less suitable for analyzing highly heterogeneous deformation, 
since the local heterogeneous deformation within a subset cannot be well captured with 
the finite-order kinematics as assumed by local DIC. Such cases are better handled using 
global DIC which is able to capture more complex deformation modes. In the present 
work, we combine both types of DIC in the analysis of the deformation associated with 
two-phase lithiation in a-Si. We employ local DIC to measure smooth strain maps 
induced by lithium (Li) diffusion in the amorphous lithiated silicon (a-LixSi) region. 
Across the sharp phase boundary between the a-Si and a-LixSi regions, there is a large 
deformation gradient due to the reaction of a-Si with lithium. Accordingly, we turn to a 
global DIC scheme assuming an analytical trial displacement function, which will be 
introduced later, to obtain the reaction-induced strain at the phase boundary. 
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3.3 Experimental 






















Figure 3.1 (a) A transmission electron microscopy (TEM) image showing the random 
atomic structure in amorphous silicon (a-Si), which serves as a high-quality speckle 
pattern for DIC analysis. (b) Schematic illustration of an in situ electrochemical lithiation 
experiment inside a TEM. (c) Schematic ray diagram of a TEM. 
The a-Si samples used in this study were prepared by coating 20 nm thick a-Si 
layers onto both the inner and outer surfaces of hollow carbon nanofibers (CNFs) with 
the chemical vapor deposition (CVD) method. The amorphous atomic structure of a-Si, 
as shown in Fig. 3.1 (a), served as a random speckle pattern that was essential to image 
correlation. To prepare specimens for electrochemical lithiation experiments, a nano-
sized battery was constructed in the half-cell configuration, which consisted of a working 
electrode, a counter electrode, and a solid electrolyte. As schematically shown in Fig. 
3.1(b), an a-Si/CNF composite nanowire was glued to an aluminum rod with conductive 
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silver epoxy and used as the working electrode. On the surface of the a-Si layer, a 3 nm 
thick amorphous carbon (a-C) layer was coated to promote lithium ion and electron 
transport along the longitudinal direction. A lithium metal attached to a tungsten (W) 
probe was used as the counter electrode. A thin layer of LiO2 (about 700 nm) on the 
lithium surface acted as the solid electrolyte.  
3.3.2 TEM experiments 
A high-resolution TEM (FEI Tecnai F30) was used for in situ imaging of the a-Si 
specimens that were subjected to rigid-body translation or electrochemical lithiation. To 
set the stage for the results that will be presented below, it is necessary to briefly review 
the working principle of a TEM. Fig. 3.1 (c) shows the schematic outline of a typical 
TEM, which largely resembles that of an optical transmission microscope. The electron 
beam from an electron emitter is illuminated onto a thin sample with a set of 
electromagnetic condenser lenses. The electron beam interacts with the sample and 
partially transmits through it. The transmitted beam, after passing a series of objective, 
intermediate and projection lenses, is projected onto a fluorescent screen to create a 
magnified image that represents the internal structure of the sample. Similar to optical 
light microscopy, TEM can operate in a variety of imaging modes including bright-field, 
dark-field and phase-contrast imaging. In this work, we used the phase-contrast imaging 
mode due to its ultra-high spatial resolution (~ 0.1 nm). 
We performed two sets of experiments for TEM-DIC analysis. The first set of 
experiments was designed to assess the DIC errors related to different sources. In these 
experiments, an a-Si/CNF composite nanowire was supported on a copper grid which 
was mounted in a single-tilt TEM holder. An a-Si region in the nanowire was selected 
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and imaged, while the nanowire was held still or subjected to rigid-body movement using 
the TEM sample stage. In the second set of experiments, we applied the TEM-DIC 
technique to analyze the lithiation-induced deformation in a-Si. A nano-battery as 
described in Section 3.3.1 was assembled and mounted into a Nanofactory TEM-
scanning tunneling microscopy (STM) holder in a helium-filled glovebox, where O2 and 
H2O concentrations were controlled below 0.1 ppm to avoid oxidation of the lithium. The 
holder was then transferred in a helium-filled plastic bag and inserted into the TEM 
column. During this process, the lithium metal was exposed to the air for about 5 seconds 
to form a Li2O solid electrolyte layer. Inside the TEM, the Li2O/Li terminal was driven 
by a piezo- positioner to engage the a-Si/CNF terminal. After the contact between the 
two terminals was established, the relative position of the tungsten probe with respect to 
the aluminum rod was held the same. A bias voltage of -2 V was applied to the a-Si/CNF 
electrode to drive the electrochemical lithiation process. During the lithiation, a sequence 
of high-resolution TEM images of the a-Si/CNF electrode was taken at an interval of 3 – 
5 seconds. All TEM images taken in this study had the same pixel resolution of 0.077 
nm. The z-height of the sample and the focusing condition for TEM imaging were kept 
unchanged during each experiment, in order to prevent their influences on the contrast of 
TEM images. 
3.4 Results and discussion 
3.4.1 Error assessment  
Measurement errors can arise from several different sources in a TEM-DIC 
analysis. Digital images obtained from TEM experiments usually contain undesired pixel 
noise originating from the shot noise of the electron source, the electronic noise of the 
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detector [161], as well as the environmental noise [162]. Such pixel noise results in a 
degradation of the pixel intensity conservation law (Eq. (3.1)) and therefore can cause 
appreciable errors in the image correlation. Another common type of errors is due to the 
geometric distortion of the TEM imaging system. Unlike the distortion of optical lenses, 
which is relatively easy to correct using parametric distortion models, the 
electromagnetic-lens distortion of a TEM poses a greater challenge to model and 
compensate. In this study, we employed several testing procedures to quantitatively 
assess the levels of noise and distortion-induced errors. However, the correction of such 
errors is beyond the scope of the present work and will be left for future consideration. 
We first quantified the noise-induced errors by correlating two TEM images of 
the same a-Si region in a nanowire. The two images were acquired 1 second apart while 
keeping the sample stationary. The DIC analysis was conducted using subset-based 
commercial software (VIC-2D, Correlated Solution, Inc., W. Columbia, SC). A subset 
size of 59×59 pixels and a step size of 10 pixels were chosen for the analysis. The subset 
size was made much larger than the speckle size to reduce the effects of image noise, 
since TEM images usually have a higher noise level than typically seen in optical images. 
Also, to avoid the edge effects, the boundary points at a distance of less than half the 
subset size from the ROI boundary are excluded for all the local DIC analysis reported in 
this paper. The obtained displacement and strain maps are presented in Fig. 3.2. Although 
no external displacement was applied to the sample, the horizontal (ux) and vertical (uy) 
displacement components in Figs. 3.2(a) and (b) show small but non-negligible values 
with means of -0.05 and 0.12 nm, respectively. This displacement was caused by the 
creeping movement of the sample stage and/or the thermal drift of the TEM components. 
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As a result of the random Gaussian noise inherent in the TEM images, the two 
displacement maps show fluctuations of 0.002 nm (0.026 pixel) as measured by their 
respective standard deviations (SDs). The fluctuations in displacement lead to non-zero 
strain distributions (xx and yy) with SDs of 0.02% - 0.03% as shown in Figs. 3.2 (c) and 
(d). The statistical characteristics of the noise-induced displacement and strain maps are 
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Figure 3.2 Assessment of the DIC errors due to the TEM image noise. Maps of (a, b) 
displacements and (c, d) DIC strain errors resulting from the TEM image noise. 
The errors induced by the electromagnetic-lens distortion were assessed through 
rigid-body sample translation and image shift. We first subjected an a-Si sample to a 
rigid-body translation and measured the associated displacement. The sample translation 
was achieved by moving the motorized sample stage for a nominal horizontal 
displacement of about 3 nm. Figs. 3.3(a) and (b) show the measured distributions of ux 
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and uy. The uy component is found to have a small deviation from its zero nominal value 
due to the crosstalk of the sample stage. In similar rigid-body translation experiments 
conducted at much larger length scales, the DIC error is usually calculated as the bias of 
the measured displacement from the true one. However, in this TEM experiment, the true 
displacement imposed on the sample is in the nanometer range and is therefore difficult 
to determine precisely. To resolve this issue, we consider a combination of several 
statistical parameters, including the absolute mean strain components ( || mxx  and ||
m
yy ) 






  and 
yy
 ), as the 
measure of error (MOE). All of these parameters should be zero in the error-free case and 
increase with an increasing level of DIC errors. Table 3.1 shows the MOE parameters 
calculated from Fig. 3.3. These parameters show a two- to three-fold increase compared 
to those solely resulting from the image noise, thereby quantitatively indicating the 
presence of electromagnetic-lens distortion. Note that the DIC strain error maps in Figs. 
3.3(a)-(d) are highly irregular in appearance, suggesting that a parametric model may not 
be practical for lens-distortion correction. 
 
Table 3.1 Statistical characteristics of the displacement and strain maps shown in Figs. 
3.2 – 3.4  
 





 Mean SD Mean SD Mean SD Mean SD 
Figure 
3.2 
 -0.051 0.002 0.116 0.002 -0.102 0.248 -0.046 0.311 
Figure 
3.3 
2.633 0.007 -1.785 0.006 -0.514 0.742 0.076 0.761 
Figure 
3.4 
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Figure 3.3 Assessment of the DIC errors due to the electromagnetic-lens distortion. Maps 
of (a, b) displacements and (c, d) DIC strain errors resulting from a rigid-body translation 
of the a-Si sample.  
TEM imaging at high magnifications is susceptible to sample drift which can 
cause the area of interest (AOI) in a sample to move out of the field of view. Modern 
TEMs offer an “image shift” function to compensate such drift by steering the electron 
beam to a targeted AOI with a set of electromagnetic deflection coils. The image shift 
procedure may lead to additional electromagnetic-lens distortion and therefore introduce 
measurement error for image correlation. We assessed this type of error by holding an a-
Si sample still and applying an image shift of 3.5 nm in the horizontal direction. Fig. 3.4 
shows the maps of apparent displacement and strain associated with this shift. The 
variations in these maps are much greater than those in Fig. 3.2 resulting from the image 
noise only. Comparing the MOE parameters presented in Table 3.1, the strain errors 
induced by the image shift and rigid-body sample translation are found to be at similar 
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levels of ~ 0.1%. In order to obtain physically meaningful deformation fields using local 
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Figure 3.4 Assessment of the DIC errors due to the image shift operation. Maps of (a, b) 
displacements and (c, d) DIC strain errors resulting from a rigid-body shift of the imaging 
window.  
3.4.2 Nanoscale deformation analysis in lithiated amorphous silicon   
To demonstrate its utility, we applied TEM-DIC to quantitatively analyze a two-
phase lithiation process in a-Si. In the development of next-generation rechargeable 
lithium-ion batteries (LIBs), a current challenge is to understand the mechanical 
characteristics of high-capacity electrode materials. Using in situ TEM, we recently 
investigated the lithiation-induced deformation in a-Si as a high-capacity LIB anode 
material. We revealed a striking two-phase lithiation process in a-Si [148], which is 
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contrary to the widely held view that the lithiation in a-Si is a single-phase process with 





















Figure 3.5 Local DIC analysis of the lithium-diffusion-induced strain in a lithiated Si 
region. (a, b) Reference and deformed TEM images used for the DIC analysis. (c, d) 
Obtained   and   strain contour plots superimposed on the reference TEM image as shown 
in (a). 
Figs. 3.5 (a) and (b) show two high-resolution TEM images taken at different time 
instants during an electrochemical lithiation experiment. The lithium flux was supplied 
from the top surface. The lithiation is seen to proceed by the movement of a sharp phase 
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boundary between the a-Si reactant and an amorphous a-LixSi product. The growth 
kinetics of a-LixSi is controlled by two concurrent processes: (1) the reaction of Li with 
Si to form an initial product of LixSi at the phase boundary, and (2) the diffusion of the Li 
ions in the product phase region. We employed the local DIC method to analyze the 
diffusion-induced strain in the a-LixSi region behind the phase boundary. The image at t1 
= 136 s (Fig. 3.5(a)) was chosen as the reference configuration and the image at t2 = 148 s 
(Fig. 3.5(b)) as the deformed configuration. Figs. 3.5(c) and (d) present the distributions 
of the two normal strain components obtained from DIC analysis. The two strain maps 
show fluctuations with statistical means and standard deviations of xx = (-0.06 ± 2.93) × 
10
-3
 and yy = (1.82 ± 1.49) × 10
-3
. The levels of both strain components are comparable to 
the strain errors induced by the image noise and lens distortion, indicating the two strain 
maps should be interpreted as DIC errors rather than true deformation. This result also 
suggests that the diffusion-induced strain is negligibly small (relative to the measurement 
capability), and therefore nearly all of the lithiation-induced deformation occurs at the 
sharp reaction front. It is noteworthy to mention that, to enable DIC analysis, the shape of 
the speckle pattern should not change significantly during the deformation. In our work, 
the random atomic structure of Si in the a-LixSi region is not expected to undergo 
substantial change, due to the very small mobility of Si compared to that of Li. On the 
other hand, the atomic-scale distribution of Li ions may change, but it is not resolvable by 














































Figure 3.6 Plots of the trial (a) displacement and (b) strain functions use for the Global 
DIC analysis of the reaction-induced strain at an a-Si/a-LixSi phase boundary. 
Across the lithiation front, the reaction of Li with Si causes a change in the Li:Si 
molar ratio from zero to a finite value. The deformation induced by the reaction exhibits a 
large strain gradient at the sharp reaction front, which is unresolvable by the local DIC 
method. The use of local DIC in this case would result in under-estimation of the 
deformation gradient. To obtain the reaction-induced strain, we adopted the global DIC 
approach using an analytical trial deformation field as follows: 
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 ,                                                   (3.7b)   
where R  is the reaction-induced strain, 1y and 2y are the starting and ending positions 
of the reaction zone defined in the reference configuration, a  is the half width of the 
strain gradient zone, and the )(erf   function is the Gauss error function. In choosing the 
above trial deformation field, we have two considerations that arise from the local DIC 
result. First, there is no appreciable deformation in the x-direction due to the lateral 
constraint of the unreacted a-Si region, such that the DIC problem can be treated as one-
dimensional. Second, the diffusion-induced strain in the a-LixSi region is negligibly 
small, leading to a nearly rigid-body movement of the a-LixSi region. By integrating Eq. 
(3.7), the trial displacement field is obtained as 
0

























































，                                      (3.8b) 
in which 
0
xu  and 
0
yu  are the rigid-body displacement components of the unreacted a-Si 
region. Figs. 3.6(a) and (b) show schematically the trial displacement and strain profiles 
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Figure 3.7 Global DIC analysis of the reaction-induced strain at an a-Si/a-LixSi phase 
boundary. (a) The first image in a sequence of TEM images serving as the reference 
image for the global DIC analysis. (b-d) Obtained   strain contour plots superimposed on 
the subsequent TEM images at various stages of lithiation. (e) Obtained strain profiles 
across the a-Si/a-LixSi phase boundary. Note that the strain analysis is made with respect 
to the reference image in (a). The width of the reaction zone with large strain increases as 
the lithiation proceeds. 
A global DIC analysis was performed on the same reference (Fig. 3.7(a)) and 
deformed (Fig. 3.7(d)) images used for the previous local DIC analysis. Additionally, we 
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sought to obtain an evolution of the reaction-induced strain by correlating two 
intermediate frames (Figs. 3.7(b) and (c)) at time instants t2 = 141 s and t3 = 145 s to the 
reference frame. At each time instant, the error functional defined in Eq. (3.4) was 




yu ) of the trial 
displacement function. The minimization was carried out over a rectangular region of 
12×24 nm around the a-Si/a-LixSi boundary using a simplex search method of Lagarias et 
al. [163]. The distributions of reaction-induced strain resulting from the minimization 
process are presented in Figs. 3.7(b)-(d), and Fig. 3.7(e) shows the strain profiles across 
the a-Si/a-LixSi phase boundary. The lithiation front is seen to move steadily towards the 
a-Si region at a speed of 0.05 nm/s. Inside the reaction zone, the reaction-induced strain 
reaches a maximum value of R =168%, which remains fairly constant as the lithiation 
proceeds. Invoking a linear relationship between the volumetric strain and lithium 
concentration [164-166], x72.0 , we obtain a molar Li:Si ratio of x = 2.33 in the 
reaction zone. Also note from Fig. 3.7(e) that the width of the strain gradient zones (i.e., 
the zones over which the strain increases from 0 to 168%) is 0.32 nm, which is 
comparable to the average Si-Si bond length of 0.23 – 0.25 nm in a-Si [167-169]; this 
suggests that the a-Si/a-LixSi phase boundary is atomistically sharp. Finally, we note that 
the lithiation process in a-Si revealed by the in situ TEM experiments [148] is a two-step 
process. In this work, we focused on the first lithiation step in which a-Si is transformed 
into a-Li2.33Si through a two-phase lithiation mechanism. In the second step of lithiation, 
the phase of a-Li2.33Si is further transformed into the fully lithiated phase of a-Li3.75Si. 
This step of lithiation proceeded very fast, such that we could not acquire high-quality 
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TEM images for DIC analysis. Future investigation with a better control of the second-
step lithiation is required to elucidate the lithiation mechanism in this step [148]. 
3.5 Summary 
We have shown that it is feasible to combine high-resolution TEM and DIC for 
performing full-field deformation analysis at the nanoscale. The theories behind two 
different DIC methods − local and global DIC − were introduced, and their advantages 
and disadvantages were discussed. A quantitative error assessment was made by 
correlating TEM images captured during the rigid-body movement of an a-Si specimen. 
It was shown that the strain errors resulting from the TEM image noise and 
electromagnetic-lens distortion were on the order of 0.1%. The utility of TEM-DIC was 
demonstrated through a case study of two-phase lithiation in a-Si. Local and global DIC 
were applied to analyze the diffusion-induced strain in the lithiated Si region and the 
reaction-induced strain at the lithiation front, respectively. The DIC analysis revealed that 
the lithiation in a-Si occurred by the movement of an atomistically sharp phase boundary 
between the a-Si reactant and an amorphous a-LixSi (x = 2.33) product. Broadly, the 
TEM-DIC technique presented in this work enables the analysis of full-field deformation 
at considerably smaller length scales than other microscope-based DIC methods, and thus 
provides a new avenue for nanoscale material characterization.  
 61 
CHAPTER 4  COMPUTATIONAL MODELING OF FRACTURE 
IN ION-INSERTION MATERIALS   
4.1 Introduction 
The quantitative fracture and deformation analysis in Chapters 2 and 3 are 
incorporated into a continuum model in this chapter to study the effective fracture 
properties of ion-storage materials and fracture behaviors of lithiated nanoparticles. 
Solid-state ionic transport and diffusion under both electrochemical and mechanical 
driving forces occurs in many material systems, such as fuel cells and rechargeable 
batteries for energy conversion and storage. In these material systems, ion transport and 
diffusion often induce large volumetric change, which, if not accommodated 
appropriately, generates substantial stress. The stress can cause the fracture and ultimate 
failure of these material systems. For the rational design of energy storage and conversion 
systems using these ion-storage materials, the effects of both electrochemical and 
mechanical driving forces on fracture must be thoroughly understood.  
In this chapter, we develop a composition-dependent computational cohesive zone 
model and integrate it with a chemo-mechanical continuum model [79]. The 
computational framework is then applied to investigate the effective fracture properties of 
ion-storage materials and the fracture behaviors of lithiated nanostructures. The 
quantitative results obtained in this work can provide significant guidance for the design, 
operation, and mechanical testing of ion-storage material systems. 
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4.2 Theoretical framework 









Figure 4.1 Schematic of a cohesive crack growing within an ion-storage solid. 
Without loss of generality, we consider a solid BAξ  that consists of guest species 
A and host species B. The molar concentration of A in BAξ , i.e., the solvability of A in B, 
is assumed to vary from 0  to .maxξξ   The diffusivity of the host atoms is 
considered to be infinitesimal compared with the guest ones, which allows the definition 
of continuum deformation [46]. When subjected to mechanical or electrochemical 
loadings, such as the transport and diffusion of species A, the solid may change its shape.  
For convenience, we employ the reference (Lagrangian) and deformed (Eulerian) 
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configurations to describe the deformation and motion of the solid. We use X  and x  to 
represent the coordinates in the reference and deformed descriptions, respectively. In 
what follows, we assume that all field quantities are functions of X , unless stated 
explicitly otherwise.  
Based on the above definition, the displacement of a material point can be defined 
as 
Xxu  .                                                                                               (4.1) 
The change in the shape of a representative material element within the solid can then be 

















 ,                                                                            (4.2) 
where ij is the Kronecker delta. The Lagrangian finite strain tensor is defined in terms of 
the deformation gradient tensor 
 ijkjkiij FFE 
2
1
.                                                                               (4.3) 
In the solid BAξ , the total deformation of a representative material element is attributed 
to three processes: an irreversible plastic deformation pljF , followed by a volume 
change cklF due to the expansion of the host material during guest species insertion, and a 
reversible elastic deformation e
ikF , 
pce
ljklikij FFFF  .                                                                                        (4.4) 




,                                                      (4.5) 
 64 




ijE are defined following equation (4.3) and refer to the elastic, 
compositional strain, and plastic strain, respectively. 



















































 . These 
three terms can be interpreted as the velocity gradients due to elastic stretching, the 
insertion of guest species, and plastic flow, respectively. 
For simplicity, the deformation gradient due to the insertion of guest species is 





)( ,                                                                                    (4.7) 
Where )(  measures the volume changes of solid BAξ  when a concentration of guest 
species   is inserted into the solid network with the following relationship 
 1)( ,                                                                                  (4.8) 
where   is a dimensionless parameter that relates the guest species concentration and 
the volume change of the ionic solid. 
Constitutive equations that correlate the elastic and plastic parts of the 
deformation gradients to stress fields within solid BAξ  are adopted here. The elastic 
strain 
e
ijE  is considered to be small (represented by 
e
ijε ), and is related to the Cauchy 
stress as follows  
  edeveee )23( jlklklmikij FεSδKεF  ,                                                            (4.9) 
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where 3/em kkεε  and   ijmijij δεε ee
deve ε are the hydrostatic and deviatoric parts of the 
elastic strain respectively; K and S are the bulk and shear modulus, respectively.  
         The plastic deformation of the solid BAξ is assumed to follow the associated flow 








devdev QQ .                                                     (4.10) 















 ,                                                                                  (4.11) 
where 3dev kkijij  is the deviatoric stress.  
Governing equations for the mechanical deformation of the solid are completed 







,                                                                                                (4.12) 
and the boundary conditions 0 jijn on stress-free surfaces. We assume quasi-static 
condition and negligible body force for all the simulations conducted in this work. 















,                                                                                     (4.13) 
where 
AC is the stoichiometric concentration of guest species A, i.e. the atom number per 
unit volume, in the reference configuration,  which is related to molar concentration   
through BA CCξ  . iJ is the flux of guest species A crossing unit reference area and is 
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                                                                             (4.14) 
where D is the diffusion coefficient of guest species A in BAξ , Bk is the Boltzmann 
constant,  T  is the temperature which is taken to be a constant in this work ( 300T K), 
and μ is the electrochemical potential of guest species which can be expressed as  
hchem Ω
~








B0chem ln is the potential of the solid due to chemical reactions, 
Ω
~
 is a parameter relating the mechanical response of the solid to its electrochemical 
potential, and 3/h kk is the hydrostatic stress. The term h
~
 is responsible for the 
coupling between stress and diffusion. 
Eqs. (4.1)-(4.15) describe the two-way coupling between the chemical and 
mechanical fields in ion-storage materials. The concentration change of the guest species 
within host materials induces deformation through (4.7)-(4.8). The resulted deformation 
causes mechanical stresses, which, in return, affect ion diffusion through the stress-
dependent electrochemical potential (4.15).  
4.2.2 Cohesive zone model and path-independent J-integral 
To simulate crack nucleation and propagation in ion-storage materials, we 
employed the computational cohesive zone approach. A chemical-composition-dependent 
bilinear traction-separation law, one of the most commonly used cohesive zone laws, was 
adopted to describe the cohesive zone behavior of a crack propagating in an ion-storage 
material, as illustrated in Fig. 4.2. 
m  quantifies the strength of the interface where the 
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crack propagates along, mm δ controls the reversible elastic stiffness, cδ and mσ  
determine the fracture energy through 2)( cmc δG  , which is characterized as a 
function of guest species concentration from our previous works [170, 171], and ck is a 
large contact stiffness that resists inter-penetration of crack surfaces under compressive 
loading.  m  and cδ  were calculated as a function of guest species concentrations from 












 ,                                                                                 (4.17) 
where   is the Poisson’s ratio, and L  is the finite element size.  
Varying guest species 
concentration 
 
Figure 4.2 Traction-separation relations for a chemical-composition-dependent bilinear 
cohesive zone law considered in this study. The cohesive strength and characteristic 
cohesive opening are characterized as a function of guest species concentration. 
This cohesive zone model was integrated with the chemo-mechanical constitutive 
model described above and implemented through the user element subroutine (UEL) in 
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ABAQUS 6.13. Based on the numerical results from finite element analysis, we 
implemented a path-independent J-integral method to evaluate the energy release rate, 
which is discussed below.  















e ,                                                                    (4.18) 
where ew  is the elastic energy density, it  is the traction vector on the contour 
 , in  is 
the unit outward normal on  , iu is the displacement vector, and ds is the length 
element along the contour. Using the Cauchy equation jiji nt  along the integration 





































.                                                       (4.19)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 
The J-integral represents a balance between the total energy inside the closed 
contour and the energy passing through the contour line. In the presence of solid state 
diffusion, the total energy inside the closed contour is highly associated with ion diffusion 
and redistribution. Therefore, considering the elastic energy ew alone will no longer 
satisfy the balance between the total energy inside the closed contour and the energy 
passing through the contour line [174]. 
In this work, we consider the crack tip as a thermodynamic system, which can 
exchange mass, energy and entropy with the surrounding continuum body. A path-
independent area J-integral for coupled mechano-diffusional driving forces [79] was 
employed 
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 ,          (4.20) 
Where   is an arbitrary contour, and V  is the crack tip domain bounded by  , as shown 














p   is 
the plastic potential, and kjikij σF
1PK1 )det(  F  and 11PK2 )det(   jlklikij FFF are the first and 
second Piola-Kirchhoff stresses, respectively. 
Equation (4.20) was implemented on the numerical results from finite element 
analysis to evaluate energy release rates. The energy domain integral method originally 
proposed by Shih et al. [175] was adopted in this study. 
The computational framework developed in this section are applied to study the 
effective fracture properties of ion-storage materials and fracture mechanism maps of 
lithiated nanostructures in this work, as we discuss as follows. 
4.3 Results and discussion 
4.3.1 Effective fracture properties of ion-storage materials 
We first applied the computational framework in section 4.2 to investigate the 
effective fracture properties of ion-storage materials. We used a double cantilever beam 
(DCB) configuration, as schematically illustrated in Fig. 4.1 (a).  A two-dimensional (2D) 
solid medium containing a cohesive crack is subjected to a remote far-field load. For 
simplicity, we only consider crack propagation perpendicular to the far-field loading, i.e., 
mode I fracture, and assume a plane strain condition in this work. The medium has an 
initial crack length of 3000 a nm, a width of 03.3L a and a height of 0H a . In order 
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to examine the fracture properties of the material under combined electrochemical and 
mechanical driving forces, we prescribe an initial homogeneous distribution of guest 
species A within host material B  with a concentration of 0 ( BA 0ξ ) through stress-free 
expansion. The concentration of 0 in BA 0ξ corresponds to an intrinsic fracture energy of 
)( 0
0 ξGG cc  . Around the crack tip, a nonlinear fracture process zone of length pr exists, 
whose constitutive behavior is governed by the cohesive traction-separation law 
described earlier. 
Due to the geometrical and loading symmetry about the crack plane, only the 
upper half of the beam is modeled. In fracture tests of materials, instability caused by 
simultaneous drop of load and displacement, which is referred as snap-back instability, is 
often observed. In this work, we employed displacement-controlled boundary conditions 
in our finite element analysis and introduced slight artificial viscous energy dissipation in 
some of the simulations as a remedy. Each finite element simulation starts with subjecting 
the DCB with a constant displacement-controlled loading speed. As the displacement 
keeps increasing over time, a cohesive crack initiates and propagates steadily in the ion-
storage medium. Path-independent area J-integral introduced in Section 4.2 was 
performed on the loaded specimen in the far field to evaluate the energy release rate. By 
measuring the corresponding crack-tip positions at different stages of loading, we 
constructed complete energy release rate curves. 
For simplicity, we assume the Young’s modulus and Poisson ratio are 
independent of guest species concentration and only consider the case of linear elastic 
fracture. Under such assumptions, we carried out systematic parametric studies to 
investigate the effects of two parameters, crack growth velocity v  and the gradient of 
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intrinsic fracture energy with guest species concentration ddGc , on the effective 
fracture properties of B.Aξ  Two characteristic parameters, crack growth 
velocity
0
cc GEDv   and length ,
0 EGl cc  were identified and used for non-
















































Figure 4.3 Crack extension curves under different loading velocities. 












. It is seen that in all cases, crack grows steadily, and 
the crack length increases linearly with time. Based on such a linear relationship, we 
obtained a constant crack growth velocity v  for each capp vv , which will be used and 





















Figure 4.4 Normalized crack growth resistance curves (R-curves) under different loading 
velocities. 
The energy release rates for a wide range of capp vv values were obtained by 
performing J-integral on the cracked BAξ  medium and plotted as a function of crack 
length ca  in Fig. 4.4. We can see that for loading velocities capp vv 0.00026, 0.005, 
and 2.65, J  is found to increase abruptly with little crack extension and reach a plateau 
(maximum) value as the crack extends in each condition. In the following, the plateau 
value of J  in these curves will be interpreted as the effective fracture energy effcG . It is 
interesting to observe that unlike the three former cases, the J curve 
for 026.0capp vv fluctuates considerably as the crack first starts to grow, and 
eventually converges to a constant value. In this case, the plateau value beyond the 
fluctuation regime is taken as 
eff
cG . The mechanism underlying this fluctuation stage will 
be discussed later. It is also worth noting that we obtained the crack growth velocities 
(from 0.0000026 to 265) and J-integrals for three additional   values (0.66, -0.66, and -
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3.33), and found that only the J curve with an applied velocity of 026.0capp vv and 








































Figure 4.5 Normalized effective fracture energy as a function of crack growth velocities 
for four different  values. 
In Fig. 4.5 we show a plot of effective fracture energy effcG  with the crack growth 
velocity as the independent variable and the gradient of intrinsic fracture energy as the 
curve parameter. It is observed that both parameters have a dramatic influence on effcG . 
For a constant χ  value, 3.33, for example, effcG  is found to maintain a relatively constant 
value under small v values ( cvv 0.01). However, as v  increases, 
eff
cG  starts to decrease 
considerably and eventually converges to an asymptotic value 
0
cG  for sufficiently 
large v values ( cvv ~ 2). Based on such an observation, we divide the 
eff
cG  curve into 
three distinct regimes: slow crack growth (SCG) regime, fast crack growth (FCG) regime, 
and a transition regime between them. It is also seen that the effcG  curves for the other 
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three   ( 66.0 , -0.66, and -3.33) values are characterized by these three regimes as 
well. Furthermore, all the four effcG  curves converge to an essentially identical asymptotic 
value 
0
cG  in the limit of cvv  .  
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Figure 4.6 (a) Contour plots of the guest species concentration change 0   (a1-
c1), hydrostatic stress h  (a2-c2) and in-plane stress component yy  (a3-c3) under three 
distinct loading conditions (a-c) labelled in Fig. 4.5. (b)-(d) Line plots of  , h and yy  
along the crack line corresponding to the contour plots in (a). 












 by identifying three distinct crack growth velocities, which 
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are denoted by a ( 0019.0cvv ), b ( 19.0cvv ), and c ( 72.24cvv ) on the 
eff
cG  
curve in Fig. 4.5 and represent the SCG, transition, and FCG regimes, respectively. For 
each crack velocity, we show in Fig. 4.6 the contour plots for three outputs, i.e., guest 
species concentration change 0   (a1, b1, and c1), hydrostatic stress h  (a2, b2, 
and c2), and in-plane stress component yy  (a3, b3, and c3). To further quantify these 
three parameters around the crack tip, their line plots are presented as a function of the 
axial distance from the cohesive crack tip, CrackTipct xxx  , along the crack propagating 
direction (Figs. 4.6(b-d)), where CrackTipx  is the crack tip position. ctx  is normalized by 
cohesive zone size pr , which was evaluated from the yy  line plot based on the adopted 
bilinear cohesive zone law in Fig. 4.2. The evaluation of pr  will be discussed in detail 
later.    
When the crack propagates under a relatively small velocity ( 0019.0cvv ), the 
gradient in crack-tip hydrostatic pressure h  drives the guest atoms to diffuse toward the 
crack tip and accumulate ahead of the tip through Eqs. (4.13)-(4.15). As we can see from 
contour plot a1, such ion diffusion results in a small localized region of high guest 
species concentration ahead of the crack tip, which corresponds to the peak value of 
 in line plot Fig. 4.6(b). Due to the influx of guest species, the localized area 
surrounding the crack tip expands, which, in return, lowers the stress states (a2 in Figs. 
4.6(a) and (c)). The reduction in stress arises from the fact that the volumetric expansion 
causes a stress-free strain
c
ijE , as shown in the decomposition in Eq. (4.5). For a given 
total strain, an increase in 
c
ijE  will lower the elastic strain
e
ijE , leading to a corresponding 
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reduction in stress (we only consider elastic deformation in this study, 
where ec ijijij EEE   ).  The guest species diffuses toward the crack tip until an 
equilibrium between the electrochemical and mechanical driving forces is achieved. For 
relatively small cvv (varying from 0.00001 to 0 0.0079), there is plenty of time for guest 
atoms to diffuse toward the crack tip so that the redistribution of guest species and the 
relaxation of hydrostatic stress are nearly complete, and therefore BAξ is always fully 
saturated with A under this equilibrium. We refer such an equilibrium state in the SCG 
regime as a saturated state. In this state, a relatively constant value of effective fracture 
energy is maintained, as can be seen from the plateau value of 
eff
cG corresponding to 
small v  in Fig. 4.5.  
As cvv increases, however, the amount of guest species delivered to the crack tip 
becomes less than the amount needed to sustain the saturated state, which causes the 
decrease of the guest species concentration ahead of the crack tip (contour plot b1 in Fig. 
4.6(a) and curve b1 in Fig. 4.6(b)) and the corresponding reduction in effective fracture 
energy. The hydrostatic stress in this case cannot be fully relaxed, as we can see from the 
line plot in Fig. 4.6(b). 
 To further illustrate the intriguing phenomena existing in this transition regime, 
we resort to the R curve corresponding to point b. We make contour plots of 
0  and h  (Fig. 4.7(a)) at four successive time instants which are marked as A-
D on the R curve. The evolution curves of 0   and h along the crack line are 
plotted in Figs. 4.7(b) and (c). As the remote loading is applied, the gradient of 
hydrostatic pressure drives ions to diffuse toward the crack tip and causes ion 
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accumulation around the crack tip. When the energy release rate reaches the threshold to 
create new surfaces (point A in Fig. 4.4), the crack starts to grow. However, the crack 
growth velocity is so large that ion diffusion is not able to capture the movement of the 
crack tip. Therefore, the localized region of high ion concentration starts to lag behind the 
crack tip (contour plot B1), which also corresponds to a significant drop in the peak value 
of ξ  from curve A1 to curve B1 in Fig. 4.7(b). This hysteretic phenomenon is more 
evident as the crack further propagates till time instant C. Two localized regions of high 
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Figure 4.7 (a) Contour plots of the change in guest species concentration 0   
(A1-D1) and hydrostatic stress h (A2-D2) corresponding to four time instants (A-D) 
marked on the R curve in Fig. 4.4. (b) and (c) Line plots of ξ and h along the crack line. 
under both electrochemical and mechanical driving forces, the ions in the wake of the 
crack tip continue to diffuse toward their surroundings as crack further propagates. Such  
diffusion eventually results in an enlarged region of high ion concentration ahead of the 
crack tip and a considerably less concentrated region of ions in the wake of the crack tip 
at time instant D (contour plot D1 in Fig. 4.7(a) and curve D1 in Fig. 4.7(b)). Beyond this 
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time instant, an equilibrium between ion diffusion and crack propagation is reached and 
maintained, giving rise to a plateau value of J-integral. It is worth noting that in achieving 
the equilibrium state, the negotiation of crack with local ion diffusion results in a 
compromised region of high ion concentration ahead of the crack tip (contour plot D1), 
which is dramatically smaller compared with that in A1 when crack initially propagates. 
The corresponding peak value of ξ  is also much lower in curve D1than that in curve 
A1. 
The intriguing competition between ion diffusion and crack propagation in the 
transition region has a significant effect on the effective fracture energy. When the crack 
growth velocity increases beyond a critical value 72.24cvv  in the FCG regime, crack 
propagates so fast that it is virtually impossible for an appreciable amount of guest atoms 
to travel to the front of the crack tip, which can be clearly observed from the almost zero 
deviation of   from 0  in contour plot c1of Fig. 4.6(a) and the corresponding c1 curve in 
Fig. 4.6(b). Therefore, the effective fracture energy in the FCG regime converges to the 
intrinsic fracture energy of the initially prescribed guest species concentration 0 . The 
hydrostatic stress in this case cannot be relaxed through stress-diffusion coupling.  
We now turn to in-plane stress component yy , which is related to the effective 
fracture energy through Eq. (4.16). The maximum yy  value around the crack tip 
represents the strength of the crack interface. Contour plots a3-c3 in Fig. 4.6(a) illustrate 
yy  around the crack tip under the three crack growth velocities (a-c) marked on the 
eff
cG curve in Fig. 4.5. Their corresponding curves along the crack line are plotted in Fig. 
4.6(d). From contour plots a3-c3 and Fig. 4.6(d), we observe that the peak value of yy  
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increases as the crack growth velocity decreases from the FCG to the SCG regime, which 
corresponds to an increase in effective fracture energy from the intrinsic fracture energy 
in the FCG regime to a much higher plateau value in the SCG regime.  
The enhancement in fracture energy implies that guest species diffusion and 
redistribution in the SCG regime can induce exceptional toughening of ion-storage 
materials. This enhancement has practical implications for the operation of ion-storage 
material systems, such as lithium-ion batteries, where repeated Li insertion into and 
extraction from the electrode materials can generate stresses and cause cracking of the 
electrode materials. Diffusion-induced toughening within the SCG regime suggests that a 
relatively slow charging rate of a battery, which allows sufficient time for ions to diffuse 
toward and accumulate ahead of the crack tip, can lead to higher fracture energy. Such 
higher fracture energy can retard damage accumulation and crack growth, which may 
ultimately avert fracture and enable durable batteries. 
 It is also worth noting that in Fig. 4.6(d), point O corresponds to the cohesive 
crack tip depicted in Fig. 4.1. Under a combined electrochemical and mechanical loading, 
yy  reaches its maximum value at point M. Further increase in the driving force results in 
a reduction in yy  and the ultimate creation of two new surfaces at point P, which 
corresponds to the physical crack tip. Therefore, the distance between P and O in Fig. 6(d) 
is measured as the cohesive zone size pr , which is almost identical for the three loading 
conditions and used as a characteristic length during the description of  , h , and yy  
curves in this work. 
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the diffusion of ions leads to the toughening of ion-storage materials. The mechanism for 











is similar, with the mere difference being that the 
toughening effect is weaker. In what follows, we will discuss the case of diffusion-











 as a representative example. 
In Fig. 4.8 we show the contour plots of 0  , h , and yy  under three 
loading conditions  (d-f) marked on the effcG curve in Fig. 4.5. Their corresponding curves 
along the crack line are plotted in Figs. 4.8(b-c). The general features of these plots are 
similar to those for .33.3  Within the SCG regime, guest ions accumulate ahead of the 
crack tip, causing a localized region of high  (contour plot d1). Such ion accumulation 
is driven by the gradient in hydrostatic stress and, in return, relaxes the crack-tip stress 
through the stress-diffusion coupling. The diffusion of guest species and stress relaxation 
are nearly in equilibrium within the SCG regime so that the variation of crack growth 
velocities ( cvv varying from 0.00001 to 0 0.0079) in this regime bears no significant 
influence on the effective fracture energy. However, if the crack propagates at a much 
faster speed, guest ions do not have sufficient time to diffuse toward the crack tip. Further 
increase in the crack growth velocity leads to little ion redistribution, as can be seen from 
the almost flat curve of   for f1 in Fig. 4.8(b). The hydrostatic stress h  in this case, 
has little relaxation as well. The major difference between the outputs for 33.3 and 
33.3  lies in that diffusion induces the embrittlement of ion-storage materials 
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for .33.3  Consequently, we can see the decreased peak values for yy  and a 
corresponding reduction in 
eff
cG as the crack growth velocity decreases from the FCG to 
the SCG regime. 
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Figure 4.8 (a) Contour plots for 0   (d1-f1), h  (d2-f2) and yy  (d3-f3) under 
three distinct loading conditions (d-f) marked on the effcG curve in Fig. 4.5. (b)-(d) are the 
corresponding  , h and yy  curves shown in the contour plots in (a). 
Embrittlement due to insertion and diffusion of atoms occurs in many material 
systems. Take tin (Sn), a high-capacity anode material for lithium- and sodium-ion 
batteries, for example, recent in-situ X-ray transmission microscopy (TXM) [176], 
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transmission electron microscopy (TEM) [177], and synchrotron X-ray hard 
nanotomography [178] reveal that, in distinct contrast to the ductile nature of Sn metal, 
the lithiated/sodiated region of micron-sized Sn nanoparticles suffer from cracking after 
electrochemical testing. The occurrence of cracks indicates the brittle behavior of 
intermetallic compound Sn,Li x which is probably induced by Li/Na ion insertion and 
diffusion during electrochemical testing. Although the fundamental mechanism of 
cracking in lithiated/sodiated tin nanoparticles warrants further investigation, the study 
here provides important guidelines for the operation of material systems exhibiting 
diffusion-induced embrittlement, from the perspective of fracture resistance. In these 
material systems, a relatively fast charging rate, under which ions do not have sufficient 
time to diffuse toward the crack tip, can avoid ion accumulation ahead of the crack tip 
and mitigate the corresponding embrittlement effect.  
The presented study here provides a fundamental understanding of the fracture 
mechanism in ion-storage materials under both electrochemical and mechanical driving 
forces and sheds light on the operation and mechanical testing of such material systems. 
For the operation of a material system where ion diffusion induces toughening, a crack 
growth velocity that falls within the SCG regime is favorable, which can attain the 
toughening effect and increase the damage tolerance of the material. For a material 
system where ion-diffusion-induced embrittlement happens, a crack growth velocity 
beyond the SCG regime can avoid the embrittlement effect due to ion diffusion and 
therefore is desired for the design and operation of the material system. On the other hand, 
the investigation on the effective fracture properties of ion-storage materials also 
provides significant insights for the mechanical characterization of these material systems, 
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where the intrinsic mechanical properties are desired. The asymptotic value of the 
effective fracture energy for sufficiently large crack growth velocities suggests that 
during mechanical testing, a crack growth velocity maintained within the FCG regime 
can prevent ion-diffusion-induced changes in local fracture properties at the crack tip and 
therefore enable accurate measurement of intrinsic fracture properties.  
In our previous work [171], nanoindentation was performed on lithiated silicon 
samples to evaluate their fracture toughness and fracture energy as a function of Li 
concentration using Morris’s model. In the model, thin film cracking caused by a sharp 
indenter tip is governed by the pre-existing film-stress field and two elastic stress fields 
due to indentation as illustrated in Eqs. (4-6) in Chapter 2. The fracture toughness of the 
test material is comprised of three components arising from these stress fields. Eqs. (4-6) 
reveal that the evaluation of the film stress, film thickness and factor Ψ are all dependent 
on the local Li concentration where nanoindentation was performed. Therefore, it is 
critical to evaluate the crack growth velocity during nanoindentation to ensure that the Li 
concentration ahead of the crack tip remains unchanged during the testing and the 
intrinsic fracture properties under this Li concentration is obtained. 
In the nanoindentation testing, peak loads ranging from 1 to 93 mN at constant 
loading and unloading rates of 500 sμN were used for all nanoindentation tests. Based 
on the magnitude of the indentation load, three cracking behaviors (1) no cracking, (2) 
radial cracking, and (3) massive cracking were discovered. The crack growth velocity 
during nanoindentation testing can be calculated as   )(- ncrc ttacv  , where, a   refers to 
the center-to-corner distance of the indent, c  refers to the average radial crack length 
measured from the center of the indent to the ends of the radial cracks, and rct  and nct  are 
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the times to reach the peak load for radial cracking and no cracking, respectively. The 
crack growth velocity for SiLi 87.0  is determined to be 218 snm , and the corresponding 
characteristic crack growth velocity 
0
cc GEDv  is calculated to be 106.9. According to 
Fig. 4.5, the normalized crack growth velocity of 04.2c vv  falls within the FCG 
regime. This indicates that the duration of the nanoindentation testing is sufficiently short 
to suppress lithium diffusion toward the crack tip. Therefore, the fracture properties 
measured in the nanoindentation experiment are considered to be intrinsic. 
4.3.2 Fracture behaviors of lithiated nanostructures 
The finite element model presented in Section 4.2 is also applied to study the 
fracture behaviors of Si and Ge nanoparticles during electrochemical cycling. An initial 
crack is placed at the edge of Si and Ge nanoparticles. Three particle diameters, 100 nm, 
250 nm, and 500nm, are used for both Si and Ge in the parametric study, with the initial 
crack length being 4% of the particle diameter in each simulation. Due to the geometry 
and loading symmetry about the crack plane, half of the nanoparticles are modeled. A 
two-phase lithiation mechanism, which has been recently observed in the lithiation of 
amorphous and crystalline Si [179-181], is implemented into the model by employing a 
double-well potential [182]. In addition, the experimentally characterized fracture 
properties from our previous work [171, 183] are incorporated into this model to 
substantially improve its predictive capability.  
In this study, a linear mixture rule is used to calculate composition-dependent 
bulk and shear moduli. A yield stress of 1 GPa and 0.5 GPa are used for lithiated Si and 
Ge, respectively to simulate their elastic-plastic behavior. Figure 4.9 shows the simulated 
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fracture behaviors of Si and Ge nanoparticles during lithiation. Si nanoparticles (SiNPs) 
have been found to exhibit size-dependent fracture upon lithiation. No cracking is 
observed for a small particle diameter of 100 nm (Fig. 4.9a), but fracture is seen for 
particle diameters of 250 nm and 500 nm (Figs. 4.9b and c). In distinct contrast to SiNPs, 
Ge nanoparticles (GeNPs) have been found to undergo no visible cracking for all the 
three diameters simulated. These simulation results are consistent with the experimental 
observations reported by previous works [24, 60]. Ge nanoparticles are more robust than 
their Si counterparts, and therefore is a promising electrode material candidate for 










Figure 4.9 (a-c) Size-dependent fracture of lithiated Si nanoparticles. (d-e) Robustness of 
lithiated Ge nanoparticles. The initial diameters used for the three Si and Ge 
nanoparticles are 100 nm, 250nm, and 500nm. 
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4.4 Summary 
We develop a composition-dependent cohesive zone model and integrate it with a 
chemo-mechanical coupling continuum model. We first apply the computational 
framework to study the effective fracture properties of ion-storage materials. We show 
that a competition between ion diffusion and crack propagation under both 
electrochemical and mechanical driving forces determines the ultimate effective fracture 
energy in these materials. When the crack growth velocity is small, ions have sufficient 
time to diffuse toward the crack tip and thus the crack tip is always fully saturated with 
ions under the equilibrium state. Such ion transport and diffusion can provide effective 
shielding or amplification of the crack-tip driving force. As crack growth velocity further 
increases, the competition between ion diffusion and crack growth is more evident, which 
results in a dramatic change of the effective fracture energy. For sufficiently large crack 
growth velocities, crack propagation is so fast that ions nearly have no time to diffuse 
toward the crack tip. Therefore, the effective fracture energy converges to the intrinsic 
fracture energy of ion-storage materials with a prescribed ion concentration. 
The quantitative investigation on the effective fracture properties of ion-storage 
materials can provide significant insights for the operation and mechanical testing of ion-
storage materials. For ion-storage materials where diffusion induces toughening, a 
relatively slow operation condition that allows complete ion diffusion can enhance the 
effective fracture energy and retard damage accumulation and crack growth. While for 
material systems where diffusion-induced embrittlement happens, a relatively fast 
operation condition can suppress ion diffusion and redistribution around the crack tip and 
therefore avoid the embrittlement effect. On the other hand, for mechanical testing where 
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intrinsic fracture properties are desired, a relatively large crack growth velocity that 
allows for no ion redistribution is favorable. It is also worth noting that the current study 
is based on the assumptions of mode I loading conditions and fully elastic solids. While 
more complex conditions, such as plasticity, are worth further study, the conclusions 
drawn from the present results are of general significance for the design and mechanical 
characterization of ion-storage material systems.  
We also apply the integrated model to study the fracture behaviors of lithaited Si 
and Ge nanostructures by implementing a two-phase lithiation mechanism and 
incorporating the experimentally characterized fracture properties from our previous 
work. The results reveal that SiNPs exhibit size-dependent fracture, while GeNPs 
experience no obvious cracking under the same characteristic structural size. GeNPs are 
more robust than their Si counterparts and therefore is a more promising candidate for 
durable rechargeable batteries.  
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CHAPTER 5 CONCLUDING REMARKS 
5.1 Significance of contribution 
 Energy storage with high performance and low cost is critical for applications in 
consumer electronics, zero-emission electric vehicles and stationary power management. 
LIBs are one of the most widely used energy storage systems due to their superior 
performance. The operation of a LIB involves repeated insertion and extraction of Li ions 
in active battery electrodes, which are often accompanied with considerable volume 
changes and stress generation. In the development of next-generation LIBs, mechanical 
degradation in high-capacity electrode materials arises as a bottleneck. Such high-
capacity electrode materials usually experience large volume changes, leading to high 
mechanical stresses and fracture of electrodes during electrochemical cycling. Fracture 
causes the loss of active materials and yields more surface areas for solid electrolyte 
interphase (SEI) growth, both of which contribute to the fast capacity fade of LIBs.  
To mitigate the mechanical degradation in LIBs, it is essential to quantitatively 
understand the electrochemically-induced mechanical responses and fundamental 
mechanical properties of high-capacity electrode materials. The past decade has 
witnessed a marked increase in studies on the mechanical behaviors of high-capacity 
electrode materials. Significant progress has been made in the experimental measurement 
and modelling of lithiation/delithiation-induced stresses, Li concentration-dependent 
modulus and hardness, time-dependent creep and strain-rate sensitivities. However, there 
is still a critical lack of fundamental understanding on the fracture-related properties, 
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which ultimately dictate the resistance of the electrode material to mechanical 
degradation and failure. 
We have conducted an integrated experimental and computational investigation 
on the damage tolerance of lithiated Si. The in situ nanomechanical bending test on a 
partially lithiated Si nanowire inside a TEM reveals a direct contrast between the low 
fracture resistance in the brittle core of pristine Si and the high damage tolerance in the 
ductile shell of fully lithiated Si. Concurrently, we conduct systematic measurements of 
the fracture toughness of lithiated Si thin films with an in-housed developed 
nanoindentation system under precisely controlled electrochemical and mechanical 
conditions. We show a rapid brittle-to-ductile transition of fracture in SiLi x alloys with 
increasing Li concentration. These experimental findings are interpreted by performing 
continuum finite and molecular dynamics simulations to gain mechanistic insights into 
the fracture mechanisms of lithiated Si. The integrated experimental and computational 
study has important implications for the development of durable Si-based anodes for 
next-generation LIBs.  
Using the developed nanoindentation system, we also measured the fracture 
toughness of lithiated Ge for the first time. The fracture toughness of lithiated Ge is found 
to increase monotonically with increasing lithium content, indicating a brittle-to-ductile 
transition of lithiated Ge as lithiation proceeds. A comparison between the fracture 
energy of lithiated Ge and that of lithiated Si shows that, despite slightly lower fracture 
energy of Ge than that of Si in the unlithiated state, Ge possesses much higher fracture 
resistance than Si in the lithiated state. These findings indicate that Ge anodes are 
intrinsically more resistant to fracture than their Si counterparts, thereby offering 
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substantial potential for the development of durable, high-capacity, and high-rate LIBs. 
The quantitative results provide fundamental insights for developing new electrode 
materials and help to enable predictive modeling of high-performance LIBs. 
The fundamental mechanisms of electrochemical reaction, microstructural 
evolution, and mechanical degradation in various rechargeable battery electrodes have 
also been extensively investigated by in-situ transmission electron microscopy (TEM) at 
the nanoscale. Despite of its widespread use for material characterizations, much of the 
TEM work till date has been focused on direct imaging and crystallographic analysis. We 
present a quantitative deformation measurement method by combing digital image 
correlation (DIC) and high-resolution TEM, and apply it to the deformation analysis in 
the two-phase lithaition in Si-a . We show that the lithiation in Si-a occurs by the 
movement of an atomistically sharp phase boundary between the Si-a reactant and an 
amorphous SiLi- xa  33.2x  product. Broadly, this TEM-DIC technique enables full-
field deformation analysis at considerably small length scales, and thus provides a new 
avenue for nanoscale material characterization. 
Informed by the experimentally measured deformation and fracture 
characteristics, we develop a computational cohesive zone model and integrate it with a 
chemo-mechanical two-way coupling continuum model. We apply the computational 
framework to evaluate the effective fracture properties of ion-storage materials. The 
results reveal that due to a competition between ion diffusion and crack propagation, 
relatively small crack growth velocities lead to the enhancement or embrittlement of 
fracture resistance, while intrinsic fracture properties are recovered under sufficiently 
large crack growth velocities. These results provide significant guidance for the operation 
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and mechanical characterization of ion-storage materials. We also apply the integrated 
continuum model to study the fracture behaviors of lithiated nanoparticles. We show that 
lithiated SiNPs exhibit a size-dependent fracture while their Ge counterparts experience 
no obvious cracks. This suggests that Ge is a more promising material for durable 
rechargeable batteries. 
5.2 Future research directions 
The proposed experimental and computational methodologies in this work can be 
extended to study other micro- or nano-structured electrode/electrolyte architectures in 
various electrochemical systems.  
Li-ion batteries have been under substantial investigation over the past few 
decades and have been widely used in various applications. Currently, sodium-ion 
batteries (SIBs) are being considered as potential low-cost candidates for large-scale 
energy storage applications in renewable energy and power grid due to the abundant and 
ubiquitous sodium resources. Since Li and Na share common properties as alkali metals, 
it is natural to transfer the insights gained from the science of LIBs to SIBs while 
accommodating the potential mass transport and storage problem brought by the larger 
radius of Na than that of .Li  For example, the nanomechanical study on anode 
materials for LIBs in this research can be applied to identify and characterize potential 
anode materials for SIBs. Furthermore, the experimental and computational 
methodologies in this work can also be extended to other rechargeable batteries, such as 
magnesium- and aluminum-ion batteries, and other electrochemical systems, such as fuel 
cells for energy conversion. 
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In addition, the mechanical property characterization and deformation analysis 
method can also be extended to all-solid-state batteries. This type of batteries has 
attracted substantial attention because they are potentially safer than conventional 
batteries based on liquid electrolytes. However, in these batteries, the volume change of 
active electrode materials during electrochemical cycling results in cracking and fracture, 
which is one of the critical causes for capacity fade and performance degradation of the 
batteries. The mechanical properties, such as elastic modulus, hardness and deformation, 
of solid electrolytes over cycling play a pivotal role in fracture. The nanoindentation 
technique in this research can be extended to characterize the elastic moduli and hardness 
of solid electrolytes, while their deformation can be quantitatively measured by coupling 
DIC analysis with SEM or TEM. 
 The current work focuses on the individual component of active electrode 
materials, such as pure Si thin films and nanoparticles. However, rechargeable battery 
electrodes are typically composite materials consisting of conductive binder and additives 
and are operated in the environment of liquid electrolyte. The computational 
methodologies in this study can be applied to the design of rechargeable batteries at the 
microstructural and device levels. Modeling the mechano-electrochemical response of 
composite electrodes has great practical importance for the design and operation of real 
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